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I. Introduction 

A surface S is said to be of finite type if: 

(1) it is of the form 

s = s\v 

where (S, V) is a compact closed oriented surface of genus g > 0, with a set of r > 
marked points V = {pi, ■ ■ ■ ,p r }', 

(2) the fundamental group of S is non Abelian, equivalently 2 — 2g — r < 0. 

The main aim of this survey is to widely describe, for every S of finite type, and for ev- 
ery k = 0, ±1, the geometry of 3-dimensional maximal globally hyperbolic Lorentzian 
spacetimes of constant curvature k, that contain a complete Cauchy surface home- 
omorphic to S. We call them generically Einstein MGH spacetimes of finite type. 
The (3-dimensional) general relativity background will be briefly recalled in Section 
These spacetimes are supported by the product SxK; considered up to Lorentzian 
isometry homotopic to the identity of S X M, they form, for every k, a Teichmiiller-like 
space denoted 

MGH K {S) . 

Clearly these notions make sense also if S is not necessarily of finite type. In the 
monograph [10] we have developed a canonical Wick rotation-res caling theory on such 
general MGH spacetimes. It is easy to see that M.Q7i K {S) ^ for every k, if and only 
if the open disk D 2 is the universal covering of S. In [TO] we have actually analyzed 
MT~IGk(D 2 ), by developing also an equivariant version of the theory, with respect to 
the action of any deck transformation group. WR-rescaling theory includes a wide 
generalization of Mess classification [41 J (completed by Scannell [45] for k = 1) of 
MGH spacetimes with compact Cauchy surfaces {i.e. V = 0). Moreover, it establishes 
explicit geometric correlations between spacetimes of different curvatures, or between 
spacetimes and complex projective structures on S. In particular, this gives a clear 
geometric explanation of the occurrence of a certain "universal" parameter space 

MjC(S) 

shared by all AiQH K (S), k — 0, ±1, and by V(S), the Teichmiiller-like space of 
complex projective structures on S. 

A large part of this survey just reports on such a theory, by specializing it to S of 
finite type. This class is large enough to display the main features of the theory; 
on the other hand, spacetimes of finite type are possibly easier to figure out than 
completely general ones. In fact we will spell out several specific statements that are 
quite implicit in the general treatment given in [10]. Hence the present paper should 
be an actual complement to that monograph. Moreover, there are in this case direct 
relations between A4C(S) and more familiar Teichmuller spaces of hyperbolic structures 
on S and, to some extent, with the corresponding tangent bundles (see Section [3]). 
For example, when S is compact M£(S) coincides with the (topologically trivialized) 
bundle T g x AiC g of measured geodesic laminations on hyperbolic structures on S; in 
general we will deal with hyperbolic structures F on S whose completions F c have 
(non necessarily compact) geodesic boundary, and with a kind of measured geodesic 
laminations A on F c . In fact, another goal should be to convince a reader familiar with 
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such topics of hyperbolic geometry, that not only this provides some important tools 
for studying Einstein spacetimes; in the reverse direction, via Lorentzian geometry we 
get a new insight into several fundamental hyperbolic constructions such as grafting, 
(3-dimensional hyperbolic) bending and earthquakes along laminations. To support 
this claim we just mention here the "AdS proof" of Thurston Earthquakes Theorem 
for hyperbolic structures on compact surfaces S, that Mess obtained in [4lJ as a by- 
product of his classification of spacetimes in M.Q7i_i(S) . An AdS look at earthquakes 
theory beyond the compact case will be a theme of this paper (see Section [5]). 

Finally, we note that spacetimes of finite type occur (via canonical Wick rotation) as 
"ending spacetimes" of geometrically finite hyperbolic 3-manifolds, which furnish basic 
examples for a bordism category supporting (2+1) QFT pertinent to 3-dimensional 
gravity (see Section 1.11 of [10], and [8]). 

In Section we focus the AdS case that displays the richer phenomenology, mostly 
referring (besides [TD]) to [B](l, 2) and [TJJ]. In particular we will describe the common 
maximal causal extension Q(h) of the MGH spacetimes of finite type that share a given 
AdS holonomy h. We will see that Q(h) is still supported by the product SxK but it 
is not in general globally hyperbolic. This is a particularly interesting case, because we 
can detect a specific one among the maximal globally hyperbolic spacetimes contained 
in Q(h) that can be truly considered as a black hole. The analysis of the causal extension 
is also important to achieve a proof of the Earthquake Theorem. 

Finally, in Section[6]we will outline (by following pj](2) and mostly [18]) how the Wick 
rotation - rescaling theory (partially) extends to MGH spacetimes of finite type that 
include world lines of "particles" (i.e inextensible time-like lines of space-like conical 
singularities) . 

We stress that this paper is not intended to be exhaustive of the subject. We have 
made a few partial and subjective choices, organized around our favorite Wick rotation- 
rescaling view point. Nevertheless, we hope that this would be enough to show that 
3-dimensional gravity is a fairly non-trivial and beautiful "toy model". In particular, 
we have neglect a classical analytic approach to the classification of constant curvature 
MGH spacetimes in terms of solutions of the Gauss-Codazzi equation at a Cauchy sur- 
face, possibly imposing some supplementary conditions to such solutions, that translate 
some geometric property of the embedding of S as Cauchy surface (see also Section 
[2]). A widely studied possibility requires that the surface has constant mean curva- 
ture (see for instance [321 El d EH] ) ■ At least for compact S, the classical Teichmiiller 
space of conformal structures on S, with its complex cotangent bundle arises in this 
way towards the classification. This approach also selects a distinguished CMC global 
time on MGH spacetimes, that basically coincides with the mean curvature of its level 
surfaces. 

Wick rotation-rescaling theory is based on a rather different more geometric approach, 
initiated by Mess in [41]. It turns out that a key ingredient is another canonical time, 
the so called cosmological time. Every MGH spacetime is in a sense determined by 
the "asymptotic states" of the corresponding level surfaces, rather than the embedding 
data of some Cauchy surface. The Wick rotation-rescaling mechanism is ultimately 
based on the fact that MGH spacetimes (of different curvatures) can be associated in 
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such a way that the intrinsic geometry of these level surfaces does not depend on the 
curvature, up to some scale factor. 

2. 3-DIMENSIONAL GRAVITY 

2.1. General background. For the basic notions of global Lorentzian geometry and 
causality we refer for instance to 0, [31] . 

A (n+1) spacetime consists of a (n+l)-manifold M equipped with a Lorentzian metric 
h and with a time orientation, so that the causal past/future of every event p G (M, h) 
is determined. We also stipulate that M is oriented. 

Roughly speaking, the general problem of gravity can be stated as follows. Given a 
(n + l)-manifold M, a symmetric (0, 2)-Tensor T on M and a constant A (called the 
cosmological constant), find out all spacetimes (M, h) such that: 

(a) The metric h satisfies the Einstein equation 

Ric h + (A - l/2R h )h = T 

where Rich is the Ricci tensor of h, Rh is the scalar curvature. 

(b) The global causal structure of (M, h) satisfies determined conditions. 

These spacetime structures are considered up to diffeomorphism of M that preserves 
the tensor T. Both the features of the tensor T and of the causality conditions are 
determined by physical (even logical) considerations. Normally they also impose some 
constraints on the topology of M. Requirements in (a) and (b) are basically of inde- 
pendent nature. 

The pure gravity case is when T = 0. In such a case the solutions of Einstein equation 

2 

coincide with the so called Einstein metrics: Rich = Ah. 

n — 1 

The basic causality condition is that (M,h) is chronological (causal), that is it does 
not contain any closed timelike (causal) curve c. A curve is said timelike (causal) if the 
velocity field v(t) along c is timelike (causal): h(v(t),v(t)) < ( h(v{t),v{t)) < ). 
The strongest causality condition is that (M, h) contains a Cauchy surface S; this means 
that S is a spacelike hypersurface of M (the restriction of h to S is Riemannian), such 
that every causal inextensible line of (M, h) intersects S exactly once. In such a case 
we say that (M, h) is globally hyperbolic. If (M, h) is globally hyperbolic the M turns 
to be a product manifold M = S x R so that (up to some diffeomorphisms of M) 
the Cauchy surface S coincides with S x {0}, and every slice S x {t} is /i-spacelike 
(indeed we can also require that every such a slice eventually is a Cauchy surface of 
(M, h)). Such a picture is coherent with the intuitive idea of a space evolving in time. 
Globally hyperbolic spacetimes naturally arise as dependence domains (D(S),h\D(S)) 
of spacelike hypersurfaces S in arbitrary spacetimes (M, h); S turns to be a Cauchy 
surface of D(S). Hence globally hyperbolic spacetimes make a fundamental sector of 
gravity theory. 

2.2. (2 + l)-spacetimes. 3D gravity is much simpler (but non trivial) because in three 
dimensions the Riemann tensor is determined by the Ricci tensor. In particular 3D 
Einstein metrics actually have constant (sectional) curvature. The sign of the curvature 
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coincides with the sign of the cosmo logical constant. We will be mainly concerned by 
(2 + 1) globally hyperbolic Einstein spacetimes (M, h) (i.e. of constant curvature k). 
We recall two possible ways to study such spacetimes. The first analytic one is based on 
the important fact that the germ of the metric h at a Cauchy surface S determines, in 
a sense that we will make precise, the whole spacetime. This leads to consider the pairs 
(g, b) of a Riemannian metric, g, on the surface S and a (/-symmetric endomorphism, 
b, of TS, that verify the Gauss-Codazzi equation 

d^b = 

det b = k — Kg 

where <i v is the differential with respect to the Levi-Civita connection of g, k is a 
constant and k 9 is the Gauss curvature of g. 

It is possible to associate to such a pair (g,b) a Lorentzian metric h on M = S x R of 
constant curvature k, such that S = S x {0} is a Cauchy surface, the first fundamental 
form of S in (M, h) is g and the shape operator is b (recall that the shape operator of 
a spacelike surface F in a Lorentzian or Riemannian manifold M is the endomorphism 
of TF that coincides with the covariant derivative of the normal field of F in M). A 
priori (g,b) determines only the germ of h around S x {0}. On the other hand, it is 
proved in [22] that there exists a unique (up to isometries) such a globally hyperbolic 
spacetime (M max , h max ) that is maximal in the following sense: 

Given any globally hyperbolic spacetime (M, h) as above, there exists an isometric em- 
bedding of (M,h) — > (M max ,h max ) that is the identity on S x {0} (and preserves the 
orientations). 

At a first sight, this definition of "maximality" involves the choice of a Cauchy surface 
(i.e. S x {0}). On the other hand, one can see that it is equivalent to the following 
one: 

Every isometric embedding of [M max ,h max ) into an Einstein spacetime (N,k) that 
sends any Cauchy surface of M max onto a Cauchy surface of N actually is a global 
isometry. 

This last property gives a good definition of the class of maximal globally hyperbolic 
(MGH) Einstein spacetimes, that makes intrinsic sense, not depending on the analytic 
approach we are outlining. It is reasonable to restrict to this class in order to get a 
classification. 

Continuing with the analytic approach, a well-defined map eventually associates to 
every pair (g, b) as above the (isotopy class of the) maximal globally hyperbolic space- 
time (M max , h max )(g,b)- Such map is surjective, but not injective. In fact it establishes 
a bijective correspondence between pairs (g, b) and spacetimes with a marked Cauchy 
surface. To get rid of this excess of degrees of freedom, some additional condition on 
(g, b) has to be imposed, possibly translating some geometric property of the Cauchy 
surface embedding. A widely investigated possibility consists in requiring that the 
trace of b is constant, that is, S x {0} is a surface of constant mean curvature. 

The second geometric approach makes use of the (X, G)-structure technology. Indeed 
any (2 + 1) Einstein spacetime M is a (X K , Isom(X re ) )-manifold, where X K is a suitable 
isotropic model of constant curvature k. 
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Denote M an universal covering of M. A very general "analytic continuation" proce- 
dure allows to associate to every (X, G)-manifold, M, a compatible couple (d, h), where 
d is a developing map, that is a local isomorphism 

d: M 

and h is a holonomy representation 

h : tti(M) -> G 

such that (iri-equivariance): 

d(jx) = h{ r y)d{x) 

(where 7Ti(M) is identified to the covering transformation group of M). The developing 
map is determined up to post-composition by any element of G, whereas the holonomy 
is determined up to conjugation by the same element. 

Conversely a local diffeomorphism d : M — > X equivariant with respect to a represen- 
tation h : 71"! (M) — > G produces a well-defined (X, G)-structure on M. 
In this paper we will mainly focus on this second geometric approach. For this reason 
we will briefly recall the principal features of the isotropic models of constant curvature 
k, that we will normalize to be k — 0, 1, — 1. 

Minkowski space. The isotropic model of flat spacetimes, Xo, is the Minkowski 
space, that is M 3 equipped with the flat metric — da; 2 , + dx\ + da; 2 .. Isometries of Xo 
are afline transformations whose linear part preserves the Minkowski product (that is 
Isom(X ) = 5*0(2, 1) x M 3 ). We consider the time-orientation on X such that the x - 
component of future-directed timelike vectors is positive. The set of future directed unit 
timelike vectors is a hypersurface of X that inherits from X a Riemannian metric. This 
is the hyperboloid model of the hyperbolic plane H 2 . The isometric action of 50 + (2, 1) 
on it induces an identification between SO + (2, 1) and P5L(2,R) = Isom + (H 2 ) (by 
using also the Poincare half-plane model of H 2 ). The main advantage of the hyperboloid 
model is that geodesies are just obtained by intersecting H 2 with timelike planes. 
In particular the duality between linear planes and linear straight lines given by the 
orthogonality relation induces an identification between the set of geodesies of H 2 and 
the set of un-oriented spacelike directions of X . The projection of H 2 in the projective 
plane P(IR 3 ) is injective and the image is the set of timelike directions. Notice that in 
this projective (Klein) model geodesies are just projective lines. Moreover, the set of 
lightlike directions is the boundary of H 2 and the end-points of a geodesic I in H 2 are 
the two lightlike directions contained in the plane of X containing I. 

By using the 4-dimensional Minkowski space, in a similar way we get the different 
models of the hyperbolic space H 3 . 

De Sitter space. The set of unit spacelike vectors in 4-dimensional Minkowski space, 
is a Lorentzian sub manifold of constant curvature 1. It is called the de Sitter spacetime 
and will be denoted by Xi. The isometric action of 5*0(3, 1) on Xi shows that this 
model is isotropic and that its isometry group coincides with 50(3,1). Also in this 
model geodesic are obtained by intersecting Xi with a linear plane of the Minkowski 
space. In particular spacelike geodesies are closed with length equal to 2n, whereas 
timelike geodesies are embedded lines with infinite length. 
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It is often convenient to consider the projection of Xi into the projective space P(R 4 ). 
Notice that the image, Xi, is the set of spacelike directions, that is, it is the exterior 
of H 3 into P(R 4 ). Clearly the projection Xi — > Xi is a 2— to— 1 covering, so Xi is not 
simply connected. On the other hand, since Xi = Xi/{±/d}, and {±Id} is the center 
of SO(3, 1), also Xi is an isotropic model of the de Sitter geometry. Its isometry group 
if SO(3, l)/{±Id} = SO + (3, 1). An advantage in using this model is that Xi and 
H 3 share the same asymptotic boundary and their isometry groups actually coincide. 
By means of the duality between geodesic planes of H 3 and spacelike directions of 
Minkowski space, Xi can be regarded as the set of un-oriented geodesic planes of H 3 . 

Anti de Sitter space. Consider on R 4 a scalar product 77 with signature (2,2), then 
the set of unit timelike vectors is a Lorentzian submanifold X_i of constant curvature 
— 1. Let R 4 be identified with the set of 2 x 2 matrices, and consider the form i] such 
that T)(X,X) = — detX. The signature of i] is (2,2), so an explicit model of X_i is 
SL(2,R) equipped with its Killing form. The isometric action of SL(2,R) x SL(2,R) 
on SL(2, R) by left and right multiplication shows that X_i is isotropic and that its 
isometry group is SX(2,R) x SL(2,R)/(-Id, -Id). 

As in the previous case the projection of X_i into the projective space P(R 4 ), is a 
2-to-l covering map on a open set X_i of P(R 4 ) that is PSL(2, R). Since the covering 
transformations of X_i — > X_i are ±Id it follows that X_i inherits from X_i an 
isotropic Lorentzian metric of constant curvature —1. The isometry group of X_i 
turns to be PSL(2,R) x PSL(2,R). 

Topologically X_i is a solid torus and its boundary in P(R 4 ) can be identified with 
the projective classes of rank 1 matrices. The Segre embedding produces a double 
foliation on <9X_i by projective lines (actually it induces a product structure <9X_x = 
P 1 x P 1 ). Isometries of X_i extends on the boundary: the left multiplication preserves 
the leaves of the left foliation, whereas right multiplication preserves the leaves of the 
right foliation. Notice that the product structure on the boundary can be regarded as 
a conformal Lorentzian structure. 

Geodesies and geodesic planes of X_! are the intersection of X_ x with projective lines 
and projective planes of P(R 4 ). In particular projective lines contained in X_i are 
timelike geodesic of length n, projective lines tangent to the boundary are lightlike 
lines and projective lines intersecting the boundary in two points are spacelike geodesic 
of infinite length. Notice that spacelike geodesies are determined by their end-points 
on the boundary. Conversely given two points on the boundary that do not lie on the 
same left nor right leaf, there exists a unique spacelike geodesic connecting them. 
Projective planes intersecting X_i along compression disks are spacelike planes and 
turn to be isometric to H 2 . Points of X_i bijectively corresponds to spacelike planes 
via the duality induced by rj between points of P(R 4 ) and projective planes. There is a 
geometric interpretation of such a duality: given a point x G X_i, its dual plane P(x) is 
the set of points at distance n/2 from p along some timelike geodesic. Conversely given 
a spacelike plane, its normal geodesies intersect at the dual point of the plane. Given 
a spacelike geodesic line /, the points x such that / C P(x) form another spacelike line 
/*, that is the dual geodesic of I. 
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3. The space MC(S) 

This section is entirely settled in the framework of (2-dimensional) hyperbolic geometry, 
and several facts that we are going to recall are well-known. However, we will give later 
a new insight (if not an outline of foundation) to many constructions and concepts in 
terms of Lorentzian geometry. 

Let us fix once for ever some base surfaces that will support several geometric structures: 

(S,V) 

is a compact closed oriented surface of genus g > 0, with a set of r > marked points 
V = {pi,-- - ,Pr}] 

S = S\V . 

E is obtained by removing from S a small open disk around each point pj. Hence E is 
compact with r boundary components C\, ■ ■ • , C r . We denote by E the interior of E. 
We fix also a continuous map 

0: E 

such that for every j, 4>(Cj) = pj, and the restriction : E — > S is an oriented 
diffeomorphism that is the identity outside a regular neighbourhood of the boundary 
of E. In this way, we will often tacitly confuse S and E. We will also assume that S is 
not elementary, that is its fundamental group is non-Abelian, equivalently 1—1g—r < 0. 
Such an S is said to be of finite type. 

3.1. The Teichmiiller space T(S). We denote by 

H(S) 

the space of non-necessarily complete hyperbolic structures F on S such that its com- 
pletion F c is a complete hyperbolic surface with geodesic boundary. Note that we do 
not require that the boundary components of F c are closed geodesies. Denote by Diff 
the group of diffeomorphisms of S homotopic to the identity. Set 

f(S) = H{S) /Diff 

in other words, two hyperbolic structures in H(S) are identified up to isometries ho- 
motopic to the identity. This is the "full" Teichmiiller space we will deal with. 

3.2. The convex-core map. Let us point out some distinguished subspaces of T(S). 

H{S) c H(S) 

denotes the space of complete hyperbolic structures on S (i.e. F = F c ). Hence every 
F E H(S) can be realized as the quotient EI 2 /r by a discrete, torsion free subgroup 
T C Isom + (H 2 ) = PSL(2,M), isomorphic to vri(S'). The corresponding quotient space 

T(S) C f(S) 

can be identified with the space of conjugacy classes of such subgroups of PSL(2,W). 

€(S) C H{S) 
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denotes the set of F of finite area and such that all boundary components of F are 
closed geodesies. 

%{S) c f(S) 

is the corresponding quotient space. 
Clearly if S is compact (V = 0) 

T g := T C (S) = T(S) = f(S) 

is the classical Teichmuller space. 
In general, set 

r 9 , r : = T(S) n t c (S) . 

Via Uniformization Theorem, T 9tr is isomorphic to the Teichmuller space of conformal 
structures on S (i.e. on S that extend to S) mod Diff°(S', rel V). T(S) is isomorphic 
to the Teichmuller space of arbitrary conformal structures on S. 

Proposition 3.1. There is an natural isomorphism 

K : T(S) -> T t {3) . 

Basically JC[F] coincides with [K,(F)], where )C(F) denotes the interior of the convex 
core K,(F) of F. Note that K,(F) C = JC(F). This is a bijection because the convex 
core determines the whole complete surface. 

Proposition 3.2. There is a natural projection 

P : f(S) -> T(3) 

such that P\t(s) — Id- 

In fact the holonomy of any [F] G T(S) is the conjugacy class of a faithful representa- 
tion of iti(S) onto a discrete, torsion free subgroup T of PSL(2, M), hence /3([F]) = [F], 
F = H 2 /r. Finally we can lift the map of Proposition 13.11 to define the convex-core 
map 

K:T{S)^%{S), K{[F)) = JC([P\) . 
In fact we can realize the representatives of the involved classes in such a way that 

KL(F) c F c c F 

for F c is a closed convex set in F homotopically equivalent to S, and K{P) is the 
minimal one with these properties. In what follows we will often made the abuse of 
confusing the classes with their representatives. 

Partition by types. 

Proposition 3.3. For every complete surface F G T(S) there is a partition 

V = V P U V H 

such that p belongs to Vp iff the following equivalent properties are satisfied: 

(1) F is of finite area at p ( that is F has a cusp at p ); 

(2) the holonomy of a circle in S surrounding p is of parabolic type; 

p belongs to Vy. iff the following equivalent properties are satisfied: 
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(i) p corresponds to a boundary component of the convex core JC(F); 

(ii) the holonomy of a circle in S surrounding p is of hyperbolic type. 

The partition V — Vp U Vn, so that r = r-p + r n , is said the type 0(F) of F. More 
generally, for every F e 1~(S), set 0(F) = 0(F). Any fixed type determines the 
subspace T (S) of hyperbolic structures that share that type; varying we get the 
partition by types of T(S). 

The fibers of the convex-core map. 

We want to describe the fibers of the convex-core map 

K : f(S) -> T C (S) . 

Let h £ Isom + (H 2 ) be of hyperbolic type. Denote by 7 = 7^ its invariant geodesic. Let 
P be the closed hyperbolic half-plane determined by 7 such that the orientation of 7 
as boundary of P is opposite to the sense of the translation h\ 7 . 

Definition 3.4. An h-crown is of the form 

8 = H/h 

where H is the convex hull in P of a /i-invariant closed subset, say 8^ C S^, contained 
in the frontier at infinity of P. 

An /i-crown 8 is complete and has geodesic boundary made by the union of the closed 
geodesic 7//1 and complete open geodesies. £^ \ <9£* is homeomorphic to S 1 x (0, +00). 
Now, let F E f e (S) and X(F) C F c C F be as above. Then F c is obtained by gluing 
a (possibly empty) crown at each boundary component C of JC(F), associated to some 
point p e Vji- This is possible iff, for every C we take an /i-crown 8 such that h is in 
the same conjugacy class of the F-holonomy of the loop C, endowed with the boundary 
orientation of JC(F) (in other words, length^ / h) = 1(C) and both orientations of K.(F) 
and 8 are induced by the one of F) . 

Lemma 3.5. F is of finite area iff all crowns are. A crown 8 is of finite area iff one 
of the following equivalent conditions are satisfied: 

(1) 800/ h is a finite set. 

(2) 8 has finitely many boundary components. For every boundary component I, the 
distance between each end of I and 08 \ l is 0. 

Every h-crown 8 (every F e T(S) ) is the union of exhaustive sequences of increasing 
sub-crowns 8 n C 8 (sub-surfaces F n C F) of finite area such that £ nj00 C 800. 

In fact if 800 is finite, then the area of 8 can be bounded by the sum of the area of a 
finite set of ideal triangles. If 8^ is not a finite set, then 8 contains an infinite family 
of disjoint ideal triangles. 

Finally, for every F G T C (S), the fiber /C _1 (F) can be identified with the set of all 
possible patterns of r n gluable crowns. 

Parameters for T C (S). The fibers of the convex-core map are in any sense "infi- 
nite dimensional". On the other hand, the base space %(S) is tame and admits nice 
parameter spaces, that we are going to recall. 
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Length/twist parameters. This is based on a fixed pant decomposition T> of S. T> 
contains 2g + r — 2 pants obtained by cut/opening £ at 3g — 3 + r (ordered) disjoint 
essential simple closed curves Zi, • ■ ■ , Z3 g -3 +r in E, not isotopic to any boundary com- 
ponent. Everyone of the r boundary components Cx, ■ • • , C r of £ is in the boundary 
of some pant. For every boundary component of a pant Pk, corresponding to some Zj, 
we fix also the unique "essential" arc p in P^ (shown in Fig. [1]) that has the end-points 
on that component, and we select furthermore one among these end-points, say e. 




c 



Figure 1 . A pant and an arc p. 

Denote by 

R + = {/ G R; I > 0}, l + = {lGl; I > 0} . 
Consider first the simplest case of S having (g, r) = (0, 3). In this case, set 

T C (S) = T C (0,3) . 

We have just one pant. Let us vary the types. If r H = 3, every hyperbolic structure 
is determined by the 3 lengths (h,l2,h) of the geodesic boundary components. If 
r-H = 2, by the corresponding 2 lengths, and it is natural to associate the value to the 
boundary component that corresponds to the cusp, and so on. Eventually the octant 

Wl = {(h,l 2 ,h); lj>0} 

is a natural parameter space for the whole 7^(0,3). The canonical stratification by 
open cells of this closed octant corresponds to the partition by types. 
In the general case, let F G T C (S); then every pant of the topological decomposition 
V is associated to a suitable hyperbolic pant Pj = Pi(F) belonging to 7^(0,3). Pant 
geodesic boundary components corresponding to some curve Zj have the same length, 
so that F c is obtained by isometrically gluing the hyperbolic pants at the curves Zj. 
Summing up, F is of the form 

F = F(l,t) 

(I, t) — [Icil 1 ^C r 1 1>Z11 ^23 9 _3 +r ; tzu 1 ^23 ff _3 +r ) 

where lc i (l Zj ) is the length of the geodesic boundary component (the simple closed 
geodesic) of F c corresponding to Cj (zj). The twist parameter t z . G K specifies the 
isometric gluing at Zj as follows. For every hyperbolic pant, an arc p is uniquely realized 
by a geodesic arc orthogonal to the boundary. Then F(l,0) is the unique hyperbolic 
structure such that the selected end-points e of such geometric p-arcs match by gluing. 
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A generic F(l, t) is obtained from F(l, 0) by modifying the gluing as follows: if t z . > 0, 
the two sides at any geodesic line Zj in H 2 over the closed geodesic Zj of F(l, 0) translate 
by t z . along Zj on the left to each other. If t z . < 0, they translate on the right by \t Zj \ 
("left" and "right" are well defined and only depend on the orientation of S). 
We eventually realize in this way that 

R+ x R^~ 3+r x m. 3 °- 3+r 

is a parameter space (depending on the choice of T>) for the whole %(S). The product 
by R+ 9 ~ 3+r x R 39 " 3+r of the natural stratification by open cells of R + , corresponds to 
the partition by types. Every cell has dimension 

6g — 6 + 2r + r n 

according to the type. The top-dimensional cell (r^ = r) corresponds to the hyperbolic 
surfaces F without cusps. T g<r is the lowest dimensional one. Cells that share the same 
ry{ are isomorphic as well as the corresponding T®(S). By varying D we actually get 
an atlas for T C (S) that gives it a real analytic manifold with corner structure. 

Marked length spectrum. Length and twist parameters are of somewhat different 
nature; in fact we can deal with length parameters only. For every j, consider: the 
"double pant" obtained by gluing the two pants of V at Zf, the simple closed curve z'- 
obtained by gluing the respective two p arcs, and z" the curve obtained from z'- via a 
Dehn twist along Zj. Thus we have further Qg — 6 + 2r simple closed curves on S, and 
for every F we take the length of the corresponding simple closed geodesies. In this 
way we get an embedding 

%{S) C R+ x R^ 9+3r . 

This is the projection onto this finite set of factors of the marked length spectrum 
injection 

L : %{S) -> W + x Rf 

where & denotes the set of isotopy classes of essential simple closed curves in S, not 
isotopic to any boundary component. 

For more details about the length/twist parameters and the length spectrum see for 
instance [25| [T2]. 

Shear parameters. This is based on a fixed topological ideal triangulation T of 
(S, V), and works only if V ^ 0. By definition T is a (possibly singular - multi and self 
adjacency of triangles are allowed) triangulation of 5" such that V coincides with the set 
of vertices of T. There are 6g — 6 + 3r edges Ei, • • ■ , i?6 9 -6+3r- The idea is to consider 
every triangle of T as a hyperbolic ideal triangle and realize hyperbolic structures F 
on S by isometrically gluing them at the geodesic edges, according to the pattern of 
edge-identifications given by T. By the way, T will be converted in a geometric ideal 
triangulation Tp of F. Let us decorate every edge E of T by a real number se and get 

s = (siEt), • • • , s(E 69 . 6+3r )) e R 6 s- 6 + 3 - . 

These shear parameters encode the isometric gluing at each Ej, and are of the same 
nature of the above twist parameters. Every edge of an ideal triangle has a distinguished 
point, say e, that is the intersection of the edge with the unique geodesic line emanating 
from the opposite ideal vertex and which is orthogonal to it. Then set F = F(0) to 
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be the unique hyperbolic structure such that the distinguished points match by gluing. 
A generic F = F(s) is obtained from F(0) by modifying the gluing according to the 
left/right moving rule as before. It turns out that all so obtained hyperbolic structures 
F belong to %(S), and all elements of %(S) arise in this way. For every s and every 
Pi G V, set 

sfa) = E s(Ej) . 

EjeStar(pi) 

We realize that 

l Ci (F(s)) = \s( Pl )\ 

so that, in particular, Pi G Vp iff s(p$) = and this determines the type 6 = 9(F(s)). 
This also shows that the map 

S : R 6 9- e+3r -> %{S), F = F{s) 

is not injective. For every Pi G Vh, define the sign e s (pi) by 

\s(pi)\ = e s (pi)s(pi) . 

Then, the generic fiber S~ 1 (F) consists of 2 r ' M points, that is S realizes all the possible 
signature Vn — > {±1}- For the geometric meaning of these signs, see below. For more 
details about shear parameters see for instance [14j(4). 

The enhanced T C (S)^. Let us reflect a length/twist parameter space 

W + X x R 3 3 -3+r 

of %(S) along its boundary components to get 

R r X x R 3 3 -3+r _ 

This can be considered as a parameter space of the enhanced Teichmiiller space T C (S)&, 
obtained by decorating each F with a signature 

e : V H - {±1} . 

Moreover, we stipulate that the sign 6{ associated to i has the meaning of selecting an 
orientation of the corresponding Cj, by the rule: = +1 iff Ci is equipped with the 
boundary orientation. 

To make the notation simpler, it is convenient to extend the signature e to the whole 
of V by stating that q = 1 on Vp. In this way an enhanced surface can be written as 
(F, £i, . . . , e r ) with 6j G {±1} and q = 1 for i corresponding to a cusp of F. 
In the same way one can show that the shearing parameters are global coordinates on 
%{S)* , namely the map 

S* : R 6 f- 6+3r -> T*(S) 

defined by S*(s) = (F(s), sign(s(pi)), . . . , sign(s(p n ))), is a homeomorphism (see [2S] 
for details). 

There is a natural forgetting projection 

0# : % (S)# - T,(5) . 
We can also define in a coherent way the enhanced length spectrum 

L # : T C (S)* -> M r x Mf 
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by setting 

l*(F,e) = e l l Cl (F) 

on the peripheral loops, and l*(F, e) = l 7 (F) elsewhere. This is an injection of T C (S)*, 
and already the projection onto the usual finite set of factors as above is an embedding. 

Remark 3.6. For each C h the enhanced length is a continuous function of T*(S). 
On the other hand notice that e» coincides with the sign of /*, with the rule that the 
sign of is 1. 

3.3. The space of measured geodesic laminations. 

Definition 3.7. A simple (complete) geodesic in F G T(S) is a geodesic which admits 
an arc length parametrization defined on the whole real line R that either is injective 
(and we call its image a geodesic line of F), or its image is a simple closed geodesic. A 
geodesic lamination C on F consists of: 

(1) A closed subset L of F (the support) ; 

(2) A partition of L by simple geodesies (the leaves). 

The leaves together with the connected components of F \ L make a stratification of 
S. 

Definition 3.8. Given a geodesic lamination C on F G ^(S), a rectifiable arc k in F 
is transverse to the lamination if for every point p G k there exists a neighbourhood k' 
of p in k that intersects each leaf in at most a point and each 2-stratum in a connected 
set. A transverse measure /i on C is the assignment of a positive measure \i k on each 
rectifiable arc k transverse to C (this means that fi k assigns a no n- negative mass fi k {A) 
to every Borel subset of the arc, in a countably additive way) in such a way that: 

(1) The support of \i k is k fl L; 

(2) If k' C k, then /i k > = [i k \ k >; 

(3) If k and k' are homotopic through a family of arcs transverse to £, then the 
homotopy sends the measure \i k to fi k >] 

Notice that we allow an arc k hitting the boundary of F c to have infinite mass, that is 
Hk(k) = +oo. 

Definition 3.9. A measured geodesic lamination on F is a pair A = (C,fi), where £ 
is a geodesic lamination and fi is a transverse measure on C. For every F G T(S), 
denote by AiC(F) the set of measured geodesic laminations on F. Finally, let us define 
MC(S) to be the set of couples (F, A), such that F G f(S), and A G MC{F). We 
have the natural projection 

p : MC(S) -> T(S) . 

Definition 3.10. Given (F, A) G .M^S*), the simplicial part Cs of £ consists of the 
union of the isolated leaves of C Hence Cs does not depend on the measure \i. A leaf, 
I, is called weighted if there exists a transverse arc k such that k fl / is an atom of 
The weighted part of A is the union of all weighted leaves. It depends on the measure 
and it is denoted by C\y = Cwif 1 )- 
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Remark 3.11. The word "simplicial" mostly refers to the "dual" geometry of the 
initial singularity of the spacetimes that we will associate to every (F, A), see Section HI 

By property (3) of the definition of transverse measure, if I is weighted then for every 
transverse arc k the intersection of k with I consists of atoms of fik whose masses are 
equal to a positive number A independent of k. We call this number the weight of /. 
Since every compact set K C F intersects finitely many weighted leaves with weight 
bigger than 1/n, it follows that Cw is a countable set. As L is the support of /i, then 
we have the inclusion Cs C Cw(fJ>)- 

Remark 3.12. There is a slightly different but equivalent definition of AiC(S) that 
runs as follows. We can consider measured geodesic laminations A = of F c 

requiring furthermore that: 

(1) The boundary components of F c are leaves of £; 

(2) Every arc k hitting the boundary of F c necessarily has infinite mass (fik(k) = +oo). 

If a boundary component of F c is isolated in C we stipulate that it has weight +oo. 
Notice that while a geodesic lamination on F c can be regarded also as a particular 
lamination on the associated complete surface F, condition (2) ensures that such a 
measured lamination cannot be extended beyond F . On the other hand, a lamination 
on F in not in general a lamination on F. 

Given any A of F we get a corresponding A of F c by adding the (possibly +oo-weighted) 
boundary components to the lamination and keeping the same measure. Given A in F c 
we get A in F by just forgetting the boundary leaves. In particular the empty lamination 
on F corresponds to the lamination on F c reduced to its boundary components. Clearly 
this establishes a canonical bijection, hence an equivalent definition of AiC(S). This 
second definition would sound at present somewhat unmotivated, so in this section we 
prefer to deal with F instead of F c . However, we will see in Section H] that it is the 
suitable one when dealing with the Lorentzian "materializations" of AiC(S). 

Marked measure spectrum. Similarly to the above length spectrum L, for every 
F G T(S), it is defined the marked measure spectrum 



where for every A G AiC(F) and for every isotopy class 7 of essential simple closed 
curves on S, I 7 (A) is the minimum of the total variation //(c) of the "A-transverse com- 
ponent" of c, c varying among the representatives of s. The first r factors correspond 
as usual to the curves parallel to the boundary components. 

Ray structure. Every A = (jC,/j) G A4C(F) determines the ray 



where we stipulate that for t = we take the empty lamination of F . If Ia 7^ 0, then 

@ 

I(R\) = R\ x , that is the corresponding ray in E + . 



I : MC{F) —>W + xR 




R x = {t\ = (£, tfj); te [0, +00)} C MC(F) 
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3.4. The sub-space M£ C (S). 

MC C (S) = {(F, A) e MC{S); F e %(S)} 

Pc : mc c (s) - r c (s) 

being the natural restriction of p with fibers A4C C (F). 

For any F G %{S) denotes by Ai£ c (F)° the set of laminations on F that do not enter 
any cusp (namely the closure in F c of the lamination support is compact). For a fixed 
type 9 we denotes by 

MC c (S) e = {(F, X)\F e T t \S) , A e MC C (S) } 

and we still denote by p c the restriction of the projection on every AiC c (S) e . 

The spectrum I and the ray structure naturally restrict themselves. In particular, if 

A G Ai£ c (F) , and s surrounds a cusp of F, then I\(s) = 0. On the other hand, if s 

is parallel to a boundary component of F c , then l\(s) = iff the closure in F c of the 

lamination support L does not intersect that boundary component. 

The following Proposition summarizes some basic properties of the fibers of p c . 

Proposition 3.13. Let A G MC C (F). Then: 

(1) F\L has a finite number of connected components, and each component belongs to 
some T(S'), providing that we drop out the requirement that S' is non- elementary. 

(2) A is disjoint union of a finite set of minimal [with respect to the inclusion] measured 
sublaminations [recall that a lamination £ is minimal iff every half-leaf is dense in C] . 
Every minimal sublamination either is compact or consists of a geodesic line such that 
each sub half-line either enters a cusp or spirals towards a boundary component of F c . 

(3) C w = C s - 

(4) Either any cusp or any boundary component has a neighbourhood U such that 

£ n u = c s n u. 

(5) For every arc c in F transverse to X, cflL is union of isolated points and of a finite 
union of Cantor sets. 

For a proof when F G T g>r we refer for instance to the body and the references of 
[H](l). The details for the extension to the whole of AiC c (S) are given for instance in 

HS|. 

Remark 3.14. If the lamination A of F c corresponds to A of F as in Remark I3.12[ 
then a leaf spiraling towards a boundary component of F c as in (2) is no longer a 
minimal sublamination of A. 

Example 3.15. We refer to the above length/twist or shear parameters for T C (S). 

(a) Let F = F(l,t). The union of simple closed geodesies of F corresponding the the 
curves Zj is a geodesic lamination £ = Cs of F. By giving each Zj an arbitrary real 
weight wj > 0, we get X(w) G M£ t (F(l,t))°. 

(b) Let F = F(s). The 1-skeleton of the geometric ideal triangulation Tp (which is 
made by geodesic lines) makes a geodesic lamination of F. Every geodesic line is a 



(2+1) EINSTEIN SPACETIMES OF FINITE TYPE 



17 



minimal sublamination. By giving each geodesic lines an arbitrary weight Wj > 0, we 
get X(w) G MC c (F(s)). For such a A = A(u>) 

Ic s (A)= 

EjeStar(pi) 

Lamination signatures. Let A G Ai£ t (F). Leaves of A can spiral around a boundary 
component Cj in two different ways. On the other hand two leaves that spiral around 
Ci must spiral in the same way (otherwise they would meet each other). 
This determines a signature 

a(X) : V n - {±1} 

such that <Tj(A) = — 1 if and only if there are leaves of A spiraling around the cor- 
responding geodesic boundary with a negative sense with respect to the boundary 
orientation. In other words, <Tj(A) is possibly equal to —1 only iipi G Vn and (A) ^ 0, 
crj(A) = 1 otherwise. The signature depends indeed only on the lamination C, not on 
the measure. 

Remark 3.16. If A = A(u>) as in Example 13.15( b). then <j\ recovers the signs e s (pi) 
already defined at the end of Section 13.21 

3.5. Enhanced bundle M.C t (S)* and measure spectrum. Here we address the 
question to which extent the (restricted) marked measure spectrum determines AiC c (S). 
For example, this is known to be the case if we restrict to A4C° gr i.e. to laminations 
over Tg tr that do not enter the cusps (see for instance [H](l)). We want to extend this 
known result. 

We have seen in Proposition 13. 131 that a measured geodesic lamination A on F G %(S) 
is the disjoint union of a compact part, say A c (that is far away from the geodesic 
boundary of F c and does not enter any cusps), with a part, say A&, made by a finite 
set of weighted geodesic lines h, . . . , l n whose ends leave every compact subset of F. 
Notice that er(A) = cr(Ab). 

Let us take such a geodesic line I on F G %(S). We can select a compact closed 
interval J in / such that both components of I \ J definitely stay either within a small 
e-neigbourhood of some boundary component of F c , or within some cusp. J can be 
completed to a simple arc c in 5* with end-points in V, just by going straightly from 
each end-point of J to the corresponding puncture. It is easy to see that the homotopy 
class with fixed end-points of the so obtained arc c does not depend on the choice of 
J. For simplicity we refer to it as the "homotopy class" of I. We can also give the 
end-points of c a sign ±1 in the very same way we have defined the signature of a 
lamination on F (recall that the sign is always equal to 1 at cusps). We can prove 

Lemma 3.17. Given any F G T C (S), every homotopy class a of simple arcs on S with 
end-points on V , and every signature of the end-points (compatible with the type of F) 
can be realized by a unique geodesic line I of F whose ends leave every compact set of F . 
Moreover, the members of a finite family of such geodesic lines are pairwise disjoint iff 
the signs agree on every common end-point and there are disjoint representatives with 
end-points on V of the respective homotopy classes. Analogously they do not intersect 
a compact lamination A c iff so do suitable representatives. 
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By using the lemma, we can prove (see |19j ) 

Proposition 3.18. Let A G AiC c (F). Then the support of X b is determined by the 
homotopy classes of its geodesic lines li and the signature of X. More precisely, given 
any X c , every finite set of homotopy classes of simple weighted arcs on S, with signed 
end-points in V (providing the signature being compatible with the type of F), admitting 
representatives that are pairwise disjoint and do not intersect X c , is uniquely realized 
by a lamination X b such that X = A& U A c G A4C C (F). 

Proposition 3.19. Let F,F' G T C (S). Assume that F is without cusps (that is F 
belongs to the top dimensional cell ofT^S)). Then there is a natural map 

i : MC C (F) MC C (F') 

such that for every (isotopy class of) simple closed curve 7 on S, we have 

I 7 (A) = I 7 (a(A)) . 

Proof : Assume first that A = A c G M.C C (F). Then there is a unique A' = A c G 
AiC c (F') with the same spectrum. For we can embed F' in the double surfaces of 
(F') c , say DF' which is complete and of finite area. The measure spectrum of A c 
induces a measure spectrum of a unique lamination A" on DF' (by applying the result 
on the spectrum in the special case recalled at the beginning of this Section). Finally 
we realize that the compact support of A" is contained in F' giving us the required A^,. 
So the map 1 can be defined for laminations with compact support. 
Given a general lamination A = A c U A;,, we can define X' c as before, while X' b is the 
unique lamination of F' (accordingly with Proposition 13.181) that share with Aft the 
same homotopy classes, weights and signs at Vn(F) fl Vn(F'). Notice that X' b is disjoint 
from X' c : in fact one can construct an isotopy of S sending the supports of X b and A c 
to the supports of X' b ) and A^.. Finally set i(X) = i(X b ) U i(X c ). 

m 

Corollary 3.20. If both F and F' are without cusps, then the map 1 is bijective. More 
generally, for every X' G A4C C (F'), 6 _1 (A') consists of2 k points, where k is the number 
of cusps of F' entered by A'. 

In fact, for every F G T C (S) (not necessarily in the top dimensional cell), there is a 
natural action of (Z/2Z) r on A4C C (F) determined as follows. Let pi = (0, . . . , 1, . . . , 0), 
i = 1, . . . r, be the ith element of the standard basis of (Z/2Z) r . Let A G A4C C (F). 
First define the new signature PiCr(X) by setting: 
p i a(X)(p j ) = a(X)(pj) if i ^ j; 

Pi(j{X){pi) = ff(A))(pi) if either Pi G V V (F) or Pi G V H (F) and I C .(A) = 0; 
Picr(X)(pi) = -a(X)(pi), otherwise. 

This naturally extends to every p G (Z/2Z) r , giving the signature pcr(X). Finally set 
p(A) = p(Aft) U A c where (accordingly again with Proposition 13. 18[) p(X b ) is the unique 
lamination that shares with A& the homotopy classes and the weights, while its signature 
is po"(A). Clearly the orbit of A consists of 2 k points, where k is the number of Pi in 
Vn(F) such that Ic 4 (A) 7^ 0. Finally 6 _1 (A') in Corollary 13.201 is just an orbit of such 
an action. We call the action on A4C C (F) of the generator p«, the reflection along Ci 
(even if it could be somewhat misleading, as in some case it is just the identity). 
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If we restrict over the top-dimensional cell of %(S), p c is a bundle and we can use the 
first statement of the Corollary in order to fix a trivialization. The same fact holds for 
every restriction p c : M.C c (S) e — > T c (S) e , type by type. On the other hand, because 
of the last statement of the Corollary, this is no longer true for the whole p c . In order 
to overcome such phenomenon, one can introduce the notion of enhanced lamination. 
An enhanced lamination on F G %(S), is a couple (A, rf) where A G M.C C (F), and 
i] : V — > {±} is a relaxed signature such that: 

rji = 0i(A) if either Pi G V H (F) or Pl G V V {F) and I Ci (A) = 0; 
r]i is arbitrary otherwise. 

Notice that there are exactly 2 k (A, 7/) enhancing a given A G M.C C (F), where k is 
the number of cusps entered by A. Clearly the above action of (Z/2Z) r extends on 
enhanced laminations: p(A, r/) = (p(A), p(r])), where p(rj) is uniquely determined by 
the above requirements and by the fact that pcr(X) possibly modifies cr(A) only on Vu- 
In particular this holds for the generating reflections pi. 

We denote by AiCf(F) the set of such (A, r/)) on F. Finally we can define the enhanced 
measure spectrum 

I* : MC*{F) -> W x Rf 

such that: 



I#(A,77)=I 7 (A) 



for every 7 G &] 



\*{\rj)=r ]i lc i {\) 



for every peripheral loop C{. 

Here is the enhanced version of Proposition 13.191 

Corollary 3.21. Let F,F' G ^(S 1 ). Then there is a natural bijection 

l* : MC C (F)* ^ MC C (F')* 

such that for every (isotopy class of) simple closed curve 7 on S , we have 

i*((\,v)) = i*(l*(Kv))- 

Proposition 3.22. (i) The enhanced spectrum I* realizes an embedding of every 

A4C C (F)^ into W x . Only the empty lamination goes to 0. The image is homeo- 
morphic to IR 6£,-6+3r . The image of AiC c (F)^'° (that is the set of enhanced laminations 
that do not enter any cusp) is homeomorphic to ]^ 6 5 , ~ 6 + 2r + r 'w 

(ii) For every pant decomposition V of S ; consider the subset [already considered to 
deal with the length spectrum] 

®x> = {C\, • • ■ , C r , z±, z 1 ,z 1 ,--- , , ^3 g _3 +r , z 3g _ 3+r , z 3g _ 3+r } C (5 . 

The projection onto this finite set of factors is already an embedding of A4C C (F)* . By 
varying T> we get an atlas of a PL structure on A4C C (F)^ (i.e. on M. 69 ~ 6+3r ). Similar 
facts hold for the restriction to A4C C (F)^ , ° . 

(Hi) Finite laminations are dense in M£ C (F)# ( M£ C (F)#>°). 
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(iv) For every F,F' G T C (S), there is a canonical identification between the respective 
sets of finite enhanced measured geodesic laminations, and this extends to a canonical 
PL isomorphism between A4C C (F)^ and AiC c (F')^ , which respects the ray structures. 
Similarly for MC c (-)*'°. 

Proof : We will sketch the proof of this proposition. We assume that the result is 
known when S is compact (see [14J(1), [25J ) . Thanks to Proposition 13.211 it is enough 
to deal with F without cusps. Then the double DF of F c is compact, and we consider 
on DF the involution r that exchange the two copies of F. Let us denote by ML(F) 
the set of r-invariant measured geodesic laminations on DF that do not contain any 
component of dF c . The idea is to construct a map 

T : M£ C (F) -> ML(F) 

that is surjective and such that 

(1) the fiber over a lamination A' G ML(F) consists of 2 k laminations of AiC c (F), 
where k is the number of boundary components of F c that intersect the support of A'. 

(2) For every A G AiC c (F), the restrictions to & of both the spectrum of T(X) and of 
A coincide. 

The existence of the map T and the known results in the special cases recalled above 
will imply the Proposition. 

The construction of the map T runs as follows. Let A = A& U A c G M.C C (F) be 
decomposed as above. We define T(A C ) to be the double of A c in DF. For each leaf 
li of A&, take a "big" segment Jj C k, and complete it to a simple arc l[ properly 
embedded in (F c , dF c ), obtained by going straightly from each end-point of Jj to the 
corresponding boundary component along an orthogonal segment. Clearly the double 
of l[ is a simple non-trivial curve in DF, so there is a geodesic representative, say q, 
that is r-invariant and simple. Since U n lj — the same holds for the q's. Moreover, 
since kn X c = 0, the intersection of c, with T(A C ) is also empty. So we can define 

T(A) = T(X b ) U (ci, at) U (c 2 , a 2 ) U . . . U (c n , a n ) . 

where a, is the initial weight of U. This map satisfies (2) by construction; moreover, 
it follows from Corollary 13.201 that (1) holds for every A' belonging to the image of T. 
The only point to check is that the map is surjective. The key remark is that for every 
A' G ML(F), every leaf I hitting dF c is necessarily closed. As it is r-invariant, then I 
is orthogonal to dF c , and if I intersects dF c twice, then it is closed. Suppose that I 
is a geodesic line, so that I meets OF exactly once. On the other hand, we know that 
the closure of I is a minimal sublamination A", such that every leaf is dense in it. Thus 
if I" ^ I is another leaf in A", then it intersects dF c in a point p. Since / is dense in 
A", there is a sequence of points in I n dF c converging to p and this contradicts the 
assumption that I intersects dF c once. 

Thus a lamination in ML(F) is given by the double of a compact lamination A c in F 
and of a finite number of weighted simple geodesies arcs in F hitting orthogonally dF . 
These arcs can be completed to give a family of simple arcs on S with end-points on 
V. Fix a signature on the end-points of such arcs. Finally we can apply Proposition 
13. 181 to these data and we get a suitable A = A& U A c G AiC c (F) such that T(A) = A'. 
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Finally we can define the map 

p* : MC C (S)* -> T*{S) . 
The total space is defined as the set of pairs 

((F,e),(\v)) 

such that 

(1) (F,e) = (F,e 1 ,...,e r )eT c (S)*; 

(2) (\,r)) = (\, Vl ,...,r) r )eMC c (F)* 
Clearly 

0# o p# = p o 0# £ 

where 4>%[ C denotes the forgetting projection of M.C C (S)* onto < M£ C (S'). We are going 
to see that in fact p c determines a bundle of enhanced lamination, that admits further- 
more natural trivializations t. It follows from the previous discussion that the image of 
I # does not depend on the choice of F, hence I* (5) is well defined. We want to define 
a natural bijection 

t: T*{S) x \*{S) ^MC c {Sf . 

For every f G and F G T C (S) there is a unique (X(0,v(0) € MC C {F)* that 

realizes £. So, let us put 

t(F,e,0 = (i ;, ,e,p e (A(xi),77(0) • 

It follows from the previous discussion that t is a bijection. We stipulate that it is a 
homeomorphism, determining by the way a topology on M.C C (S)*. Summing up, the 
map 

p* : M£c(S)* -> Z{S f 

can be considered as a canonically trivialized fiber bundle having both the base space 
and the fiber (analytically or PL) isomorphic to IR 6sr_6+3r . Different choices of the base 
surface Fq lead to isomorphic trivializations, via isomorphisms that preserve all the 
structures. These trivializations respect the ray structures. When S is compact this 
specializes to the trivialized bundle T g x AiC g — > T g mentioned in the Introduction. 

Remark 3.23. The definition of t could appear a bit distressing at a first sight. How- 
ever the geometric meaning is simple. Given a spectrum of positive numbers, this 
determines the lamination up to choosing the way of spiraling towards the boundary 
components. If we give a sign to the elements of the spectrum corresponding to the 
boundary components, this allows to reconstruct the lamination by the rule: if the 
sign is positive the lamination spiral in the positive way, if the sign is negative the 
lamination spirals in the negative way with respect to a fixed orientation of the bound- 
ary component. In the non-enhanced set up, we have stipulated to use the boundary 
orientation induced by the surface one. Since the elements of an enhanced Teichmuller 
space can be regarded as hyperbolic surfaces equipped with an (arbitrary) orientation 
on each boundary component, it seems natural to reconstruct the lamination from the 
spetrum I* by means of such boundary component orientations. 

This choice is suitable in view of the earthquake flow that we are going to define on 
%(S)*. 
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3.6. Grafting, bending, earthquakes. Let (F,X) E M.C(S). Grafting (F,X) pro- 
duces a deformation Gr\(F) of F in V(S), the Teichmuller-like space of complex pro- 
jective structures (i.e. (S 2 , PSL(2,C)- structures) on S. 

3- dimensional hyperbolic bending produces the H-hull of Gr\(F), that is, in a sense, its 
"holographic image" in H 3 . 

The left (right) earthquake produces (in particular) a new element (3\{F) (P\(F)) in 
f(S). 

We will see in Section H] how these constructions are materialized within the canonical 
Wick rotation-res caling theory for MGH Einstein spacetimes. For example, the graft- 
ing is eventually realized by the level surfaces of the cosmological times; earthquakes 
are strictly related to the Anti de Sitter bending procedure. 

Here we limit to recall a few details about earthquakes, purely in terms of hyperbolic 
geometry. 

Features of arbitrary (F,X). In such a general case, the leaves of A possibly enter 
the crowns of F. If F is of finite area (see Lemma 13.51) . basically the conclusions of 
Proposition 13.131 still hold. The only new fact is that possibly there is a finite number 
of isolated geodesic lines of A having at least one end converging to a point of some 

The situation is quite different if F is of infinite area. The set of isolated geodesic lines 
of A that are not entirely contained in one crown £ is always finite. On the other hand, 
(1), (2), (3) and (5) of Proposition 13.131 definitely fails. For example, the support of a 
lamination A could contain bands homeomorphic to [0, 1] x R, such that every {t} x R 
maps onto a geodesic line of A. Both ends of every such a line converge to some £00. 
We can also construct transverse measures such that Lw is dense in such bands. This 
also shows that in general £5 is strictly contained in Cw- 

In general the fibers of I are, in any sense, infinite dimensional. For example we have: 

Lemma 3.24. I _1 (0) C AAC(F) consists of laminations such that the support is en- 
tirely contained in the union of crowns. 

On the other hand, the image of I is tame, in fact: 

Proposition 3.25. 1{MC{F)) = \{MC t {K,{F)). 

Earthquakes along finite laminations of A4C C (F). As finite laminations are dense, 
and arbitrary laminations A G A4C C (F) look like finite ones at cusps and boundary 
components of F c , it is important (and easy) to understand earthquakes in the finite 
case. 

Example 3.26. Let us consider again the Examples 13.151 Let (F(l,t) be such that 
all twist parameters are strictly positive. Then, by definition (F(l,t), X(t)) is obtained 
from (F(l, 0), X(t)) via a left earthquake (along the measured geodesic lamination X(t) on 
F(l, 0) ). (F(l, —t), X(t)) is obtained from (F(l, 0), X(t)) via a right earthquake (along the 
measured geodesic lamination X(t) on F(l,0)). In the reverse direction, (F(l, 0), X(t)) 
is obtained from (F(l,t),X(t)) via a right earthquake, and so on. This pattern of 
earthquakes does preserve the types. 



(2+1) EINSTEIN SPACETIMES OF FINITE TYPE 



23 



Similarly, let F(s) be such that all shear parameters are strictly positive. Then, by 
definition (F(s), A(s)) is obtained from (-F(O), A(s)) via a left earthquake (along the mea- 
sured geodesic lamination A(s) on F(0)). (F(—s),X(s)) is obtained from (F(0),A(s)) 
via a h^/ii earthquake (along the measured geodesic lamination X(s) on F(0)). In the 
reverse direction, (-F(O), A(s)) is obtained from (F(s), A(s)) via a ng/it earthquake, and 
so on. This pattern does not preserve the types, for F(0) G T g>r , while F(s) is without 
cusps. Moreover, A(s) has the following special property: 

For every boundary component Cj of F(s) 

For every (F, A) G jM£ c (S'), A being finite, the definition of (F', A') obtained from (F, A) 
via a left (right) earthquake extends verbatim the one of the above examples, so that 
(F',X') G AiC c (S), A' is also a finite lamination, and (F, A) is obtained from (F',X') 
via the inverse right (left) earthquake. 

Quake cocycles and general earthquakes. It is convenient to describe earthquakes 
by lifting everything to the universal covering. Let us set as usual 

k,(f) c f c c P = e 2 /r . 

Then F c lifts to a T-invariant straight convex set H of H 2 (i.e H is the closed convex 
hull of an ideal subset of S^), and A lifts to a T-invariant measured geodesic lamination 
on H, that, for simplicity, we still denote by A. If F G %, then JC(F) = F c . 

Lemma 3.27. Let (F, A) G M.C t (S) such that X is finite. Then there exists a left-quake 
cocycle 

B^-.HxH^ PSL(2, R) 

such that 

(1) B%(x, y) o B%(y, z) = B%(x, z) for every x,y,z G H. 

(2) B^(x, x) = Id for every x G H. 

(3) B\ is constant on the strata of the stratification of H determined by A. 

(4) B x {jx^y) = 7 J B A (x,t/)7~ 1 ; for every 7 G T. 

(5) For every xq belonging to a 2-stratum of H, 

H 3 x ^ B^(x ,x)x G H 2 

lifts the left earthquake (3\(F) to H. This cocycle is essentially unique. There 
exists a similar right-quake cocycle B^. 

The proof is easy and the earthquake is equivalently encoded by its cocycle. For 
a general (F, A) we look for (essentially unique) quake- cocycles that satisfy all the 
properties of the previous Lemma, with the exception of the last one, and requiring 
furthermore that 

(*) If X n — > A on a e-neighbourhood of the segment [x, y] and x, y L w , then B\ n (x, y) — 
B\(x,y). 

Given such cocycles we can use the map of (5) in the previous Lemma as the general 
definition of earthquakes. 
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For example, if (F, A) G M.C^S) the cocycle can be derived by using Lemma 13. 2 7\ the 
density of finite laminations and the fact that we require (*). If (F',X') results from 
the left earthquake starting at (F, A), then this last belongs to A4C C (S) and (F, A) is 
obtained from it via the inverse right earthquake. 

In fact, in [21] Epstein-Marden defined these quake-cocycles in general (extending the 
construction via finite approximations). Strictly speaking they consider only the case 
of (arbitrary) measured geodesic laminations on H 2 , but the same arguments holds for 
laminations on arbitrary straight convex sets H - see also [10J for more details. Hence 
general left (right) earthquakes 

(F',A') = /? L (F,A) 

so that 

(F, A) = P R (F', A') 

are eventually defined for arbitrary (F, A) G AiC(S). We will also write F' = (3%(F), 
A' = /3f(A). ' 

Earthquake flows on MC C (S). Let A G MC C (F). Consider the ray (F,tX), t G 
[0, +oo). Then, for every t > 0, set 

(F t ,Xt) = (^(F),- t ^ x (tX)), t>0. 

This continuously extends at t = by 

(F ,A ) = (F,A) . 

We have 

((Ft)s, (At) s ) = (F t+S , X t +s) 

hence this defines the so called left-quake flow on A4£ C (S). In particular this allows to 
define a sort of "exponential" map 

i) L : MC C (F) -> MC C (S) 

by evaluating the flow at t — 1. We do similarly for the right-quake flow. 

Let pi G V and Cj be the curve surrounding it; as Ic^tX) = tlc^X), there is a unique 

"critical value" U (see below) such that lc { (tX) = Iq (F) . 

For every t, we denote by l(t) the marked length spectrum of F t , by 9{t) its type, by 
the marked measure spectrum of A t , by a t : V — > {±} its signature, and so on. 
The following Lemma describes the behaviour of these objects along the flow. 

Lemma 3.28. The marked measure spectrum is constant for every t, that is 

I 7 (i) = I 7 (0) for every 7 G & . 
Let Pi & V and Ci be the curve surrounding it. 
If Pi e V H (0), then: 

IcM = \lcM - ^(A)I Ci (0)| 

and 

ai{t) = sign[/ Ci - tcr i (A)Ic 1 (0)](Xi(0) . 
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If Pi G V P (0) then: 

i Ci (t) = ticM 

and 

As every A G M.C t {F) looks finite at cusps and boundary components of F c , it is 
enough (and fairly easy) to check the Lemma in the finite case, by using also Examples 

Km 

Remark 3.29. If pi G Vp and the lamination enters the corresponding cusp, then for 
t > the cusp opens on a geodesic boundary component whose length linearly depends 
on t with slope equal to Ici(O). The way of spiraling of \ t around pi is always negative 
(positive for right earthquakes). 

Let us consider more carefully the case Pi G Vn- Notice that if A does not spiral 
around Cj then the length of Cj is constant. In the other cases let us distinguish two 
possibilities according to the sense of spiraling of A. 

(1) Case o"j(0) = —1. Then for every t > 0, 

= -1, i Ci = icM + ticM ■ 

Thus the length of increases linearly of slope Ici(O) and the laminations continues 
to spiral in the negative direction. 

(2) Case <7j(0) = 1 . There is a critical time U = Zc , i (0)/Ic i (0). Before U the length of 
Ci decreases linearly and the lamination spiral in the positive direction. At £j, Cj is 
become a cusp. After £j, Cj is again a boundary component but the way of spiraling is 
now negative. 

Remark 3.30. The above Proposition points out in every M.C C (F) the set : 

V C (F) = {A; l Ci (X) < l Ci (F); i G V H } . 

Note that this set is not preserved by the canonical bijections stated in Proposition 
!532Tiv). 

Corollary 3.31. The restriction of the exponential-like map i) L to V C (F) n M£ C (F)° 
preserves the type and the signatures. The restriction of this map to the whole ofV c (F) 
has generic image over the top-dimensional cell of%(S). 

The quake-flow on A / 1£ C (S') # . We will define an earthquake flow on M.C C {S)^ that 
will satisfy the following properties 

(1) (3* o pf = p# s . 

(2) Every flow line {flf(F, e, A, rj) \t > 0} is horizontal with respect to the trivialization 
of A4Cf (S). This means that the enhanced lamination is constant along the flow. 

(3) If we include MC,(S) into MC C (S)* by sending (F, A) to (F, e, A, rj) with a = 1 
for every i and rji = 1 for every i G Vp then (3 = 4>%i C ° /5 # (where 4>m C is the usual 
forgetting map). 

Remark 3.32. Before giving the actual definition, we describe the qualitative idea. 
Earthquakes paths on %{S) rebounce when reaches a cusp. Since %{S)^ is obtained 
by reflecting T C (S) along its faces, it is natural to lift such a paths to horizontal paths 
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on 7^(S) . Instead of rebouncing the enhanced lamination after a cusp is obtained by 
a reflection along a boundary component of the initial lamination. This liftings are 
unique (up to the choice of a initial signature e) when F does not contain cusp. When 
F contains a cups then there are many possible liftings due to the possible choices of 
the signature of the cusp after the earthquake. Thus data (F, e, A) are not sufficient to 
determines the lifting. On the other hand the information of a signature of A around 
the cusp solves this ambiguity. 

Let us come to the actual definition: 

(3*(F,e,\,r ] ) = (F,e,\,v) 

where 

(a) Similarly to the definition of the map t, (F, A) = /3(F, p e (A)); 

(b) e i = e i sign(lc i (F)+t Vi l Ci (X)). 

(c) % = resign (Z Ci (F) + %I a (A)). 

Property (1) follows from the fact that (3 is a flow. Point (2) depends on the fact 
the spectrum of X t is constant and the products ei(t)rji(t) are constant. Point (3) is 
straightforward. The only point to check is that /3* is continuous, as a map 1R>0 x 
MCf(S) MCf(S). By the definition of the topology of MCf(S) it is enough to 
show that for every 7 G © the functions 

(t, (F, e, A, 77)) » l*((3*(F, e, A, r,)) (t, (F, e, A, rj)) » l*((3*(F, e, A, V )) 

are continuous. If 7 is not peripheral, then l*(pf(F,e,X,r])) and I*(/3 # (t, F, e, A, r/) 
depend only on F and A so the continuity is a consequence of the continuity of (3. 
If 7 is peripheral, then by Lemma 13.281 we have 

l*((3*(F } e, A, V )) = l*(F, e) - tI*(F, e, A, V ) 
I#(A # (F,e,A,r / )) = I#(F,e). 

For every £ G I # (5') let us consider the map of 1R> x Tf 2 (S) — > T*(S) that associates 
to t, (F,e) the projection on T*(S) of /3 t (F, e, £(F)) (where £(F) is the realization of 
£ with respect to the structure given by F). By (2) it is a flow on T c (Sy. We will 
denote by the homeomorphism of T C (S)^ corresponding to such a flow at time 1 
(notice that o £^ — £25), it will be called the enhanced earthquake along £. 
Earthquake Theorem. 

Theorem 3.33. [Earthquake Theorem on F C (S)] For every Fo, F\ 6 %(S), denote by 
m the number of points in V that do not correspond to cusp of Fx nor of F 2 . Then 
there exist exactly 2 m left earthquakes such that Fi = (3^(F ). The similar statement 
holds with respect to right-quakes. 

This is a consequence of the somewhat more precise 

Theorem 3.34. [Earthquake Theorem on % (S)*] For every (F ,eo), (Fi,ei) G T C {S)* , 
there is a unique £ G I* (5*) such thatS^(Fo, €q) = (Fx, ei) Similarly for the right quakes. 

Given two "signed" surfaces (F ,cro) and (Fi,cri) in %(S), where the respective signa- 
tures are arbitrary maps o~j : V — > {±1}), we say that they are left-quake compatible if 
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there exists a left earthquake (iq,Ai) = p L (F ,\ ) such that <jj = o\ y The following 
is an easy Corollary of Lemma 13.281 and of Theorem 13.331 

Corollary 3.35. The signed surfaces (Fq,o-q) and (Fi,o~i) are left-quake compatible if 
and only if for every i = 1, . . . , r the following condition is satisfied: 

IflcXFi) < IcXFo), then a (i) = 1 . I/Zq,(*i) > hA^o) , then <j x {i) = 1 . 
Symmetric statements hold w.r.t. the right-quake compatibility. 

In Section [5] we will outline an AdS proof of the Earthquake Theorem (by following 
[19] ) that generalizes Mess's proof in the special case of compact S. 

AiC c (S) as tangent bundle of T C (S). We have seen above that the bundle 

p*:M£ c (S)*^T c (S)* 

shares some properties with the tangent bundles TT* of its base space. We are going 
to substantiate this fact by means of quake-flows. In fact we have associated to every 
£ G I (S) a flow of %(S)^, So we can consider the infinitesimal generator of such a 
flow, that is a vector field on T C (S)&, say X^. 

Proposition 3.36. The map 

II : %{S)* x l*(S) ^TT C (S)* 
defined by II(£, F) = X^(F) is a trivialization ofTT c (S). 

As in the case of compact S, it is a consequence of the convexity of the length function 
along earthquakes paths. 

Remark 3.37. The map II is only a topological trivialization. This means that the 
identifications between tangent spaces arising from II are not linear. 

For a fixed type 9, denotes by T^(S) e the points corresponding to laminations that 
do not enter any cusp. It is clear that for a point F G T®(S)* we have that X^(F) 
is tangent to T°(S) # . So we get that the restriction of II to T^(S)* x l*(S) 9 is a 
trivialization of TT c e (S)^. 

4. Wick rotation-rescaling theory 

We refer to [TU]. Let S be a base surface of finite type. Recall from the Introduction 
and Section [21 that M.Q7i K (S) denotes the Teichmiiller-like space of Einstein maximal 
globally hyperbolic spacetimes of constant curvature k — 0, ±1, that contain a complete 
Cauchy surface homeomorphic to 5*. 

Denote by V(S) the Teichmiiller-like space of complex projective (that is (S 2 , PSL(2, C))- 
manifold) structures on S. Here S 2 is the Riemann sphere, identified with S 2 ^ = dH 3 , 
and PSL(2, C) Isom + (H 3 ). 

The aim of this section is to illustrate the following pattern of statements (given here 
in somewhat informal way): 

(Classifications) For every surface S of finite type, and every k = 0, ±1, there are 
geometrically defined "materialization" maps 

m P : MC(S) -> V(S) 
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m K : M£(S) - MGH K (S) 
that actually make AiC(S) an universal parameter space. 

(Canonical correlations) For every (F, A) G AiC(S), there are geometrical corre- 
lations between the spacetimes m K (F, A) or between them and the projective surface 
rtvp (F, A). Such correlations are either realized by means of canonical rescalings or 
Wick rotations directed by the respective cosmological times, with universal rescaling 
functions. 

Let us explain first some terms entering the last statement. 

Definition 4.1. Let (M, h) be any spacetime and X be a nowhere vanishing /i-timelike 
and future directed vector field on M. Let a,j3 : M — > R + be positive functions. 
We say that the Riemannian manifold (M, g) is obtained from (M, h) via the Wick 
rotation directed by X, with vertical (resp. horizontal) rescaling function (3 (resp. a), 
if for every y G M, the g- and /i-orthogonal spaces to X(y) coincide (denoted it by 
< X(y) > ± ), and 

\\X(y)\\ g = -P(y)\\X(y)\\ h 
9\<x(y)>± = a(y)h\ <x(y)> ± . 

Similarly, the spacetime (M, h') is obtained from (M, h) via the rescaling directed by 
X, with vertical (resp. horizontal) rescaling function (3 (resp. a), if for every y G M, 
the h!- and /i-orthogonal spaces to X(y) coincide, and 

\\X(y)\\ h , = P(y)\\X(y)\\ h 

h'\<X(y)>^ = ®{y)h\<X{y)>± ■ 

4.1. Cosmological time. We refer to [2] for a general treatment of this matter. Here 
we limit ourselves to recalling the main features of this notion. Let (M, h) be any 
spacetime. The cosmological function 

t: M -»• (0,+oo] 

is defined as follows: let C~(q) be the set of past-directed causal curves in M that start 
at q G M. Then 

r{q) = sup{L(c)| ceC-(q)} , 
where L(c) denotes the Lorentzian length of c. Roughly speaking, this gives the (pos- 
sibly infinite) proper time that every event q G M has been in existence in M. The 
function r is said regular if it is finite valued for every q G M, and r — > along every 
past-directed inextensible causal curve. In such a case it turns that r is a continuous 
global time on M, called its cosmological time. This cosmological time (if it exists) 
represents an intrinsic feature of the spacetime. Having cosmological time has strong 
consequences for the structure of M, and r itself has stronger properties (it is locally 
Lipschitz and twice differentiable almost everywhere). In particular: M is globally hy- 
perbolic; for every q G M, there exists a future-directed time-like unit speed geodesic 
ray whose length equals r(q). Up to a suitable past-asymptotic equivalence, these rays 
form the initial singularity of M. In a sense r gives the Lorentzian distance of every 
event from the initial singularity. 
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4.2. Grafting and Lorentzian grafting. Before describing in some formal way how 
to get a parameterizations of M.Q7i K {S) and V(S) in terms of AAC(S), we will explain 
how to associate to a pair (F, A) G A4C(S) a projective structure on S and a spacetime 
of constant curvature k, in some simple cases. 

First consider the case S compact closed and A empty. Given a hyperbolic structure 
F = (S, h) on S, the projective structure associated to it, that, with a little abuse, 
we will denote simply by F, is the structure whose developing map coincides (up to 
post-composition with g e PSL(2, C)) with the isometric developing map of F. Struc- 
tures obtained in this way are called Fuchsian and are characterized by the following 
requirements: 

(1) the developing map is injective, 

(2) the holonomy is conjugated in PSL(2,"R). 

For the Lorentzian side, define m K (F) to be the spacetime (S x I,g K ) where I is the 
interval (0, +oo) for « > and I = (0, 7r/2) for k — — 1 and g K = g K (F) is so defined 

{-dt 2 + t 2 h if k = 

-dt 2 + sh 2 (t)h if« = l 
-rft 2 + sin 2 (t)/i if k = -1 

The fact that # K has constant curvature k is just a local computation independent of 
the compactness of F. Thus one does the computation assuming F = M 2 . For instance, 
for k — 0, one embeds H 2 in the Minkowski space Xo and take the normal evolution of 
H 2 (that is a map H 2 x M>0 — > Xo sending (x, £) to tx) the pull-back of the Minkowski 
metric takes the form ([1]). 

Remark 4.2. Strictly speaking m_i(F) is not maximal. In fact the metric g K can be 
defined as well on the interval (0, 7r). On the other hand, for some reason that will 
appear clear it is better to define m_i(F) in this way and then to take its maximal 
extension. 

Now suppose S to be closed and A to be a weighted curve (c, a). The projective surface 
m-p(F, A) is the grafting of F along A, that we sometimes denote by Gr\(F). We 
cut F along c and grafts a projective annulus A = c x [0, a] whose developing map 
can be explicitly described in the following way. We can choose a developing map 
dev : F — > H 2 such that c lifts to a geodesic c with end-points at and oo. The 
developing map of A is given by 

c x [0, a] 3 (x, t) -> dev(x)e it e C C S 2 . 

The fact that A can be grafted on F descends on the fact that the developing map of 
each component of dA is conjugated in PSL(2, C) to the developing map of c. Notice 
that A carries a natural Euclidean metric. The length of each boundary component 
of A is equal to the length of c whereas the width of A is equal to a. Thus we can 
consider on Gr\{F) the metric that is hyperbolic on F \ c and Euclidean on A. Such 
a metric is C 1 and compatible with the conformal structure underlying the projective 
structure of Gr\{F). We call it the the Thurston metric of Gr\(F), in what follows we 
often indicate with Gr\(F) both the projective structure and the metric structure on 
S. 



30 



RICCARDO BENEDETTI AND FRANCESCO BONSANTE 



Remark 4.3. Thurston distance is defined on every projective structure on S and is 
a metric compatible with the conformal class of the projective surface. The interesting 
point showed by Thurston is that Thurston metric determines the projective structure. 
This means that a map between projective surfaces is a projective equivalence iff it is 
an isometry with respect to the corresponding Thusrton distances. 

Remark 4.4. If a is small, then the holonomy group of Gr\(F), say T, is quasi- 
Fuchsian and the developing map is injective with image a component of the discontinu- 
ity domain. Thus, Gr\(F) can be regarded as an asymptotic end of the quasi- Fucshian 
manifold HI 3 /T. In fact, the boundary component of the convex core facing Gr\(F) is 
isometric to F bent along c with bending angle a, and the annulus A coincides with 
the set of points in Gr\{F) that are sent by the retraction on the convex core to the 
bending line. 

Moreover, let us consider the component of the complement of the convex core in HI 3 /T, 
facing Gr\(F). Then the distance d from the convex core is a C 1 function on it whose 
level surfaces are isometric to chd ■ Gr tghd \(F) (if X is a metric space A ■ X denotes 
the metric space obtained by multiplying the distance by A). 

Thurston generalized this idea and showed how to associate to each projective structure 
on S a non-complete hyperbolic structure on S x (0, 1), called the if -hull such that 

(1) its completion is S x [0, 1) and S x {0} is a locally convex bent surface F along a 
lamination A 

(2) the asymptotic end S x {1} carries the original projective surface that in tunrs 
coincides with Gr x (F). 

Moreover the distance d from S x {0} is a C 1 function and level surfaces are isometric 
to 

(2) chd-Gr tghdX (F). 

Clearly in the quasi- Fuchsian case the if-hull is simply the end of the corresponding 
quasi-Fuchsian manifold facing the projective surface. 

Consider now the Lorentzian case. 

To construct m K (F, A) we will deform the structure on m K (F) by means of a construction 
that is reminescent of the grafting procedure, so we call it the Lorentzian grafting. 
With a little abuse let us denote by c the geodesic representative of c with respect to 
the hyperbolic structure F. Then one shows that the timelike surface c x I is totally 
geodesic in m K (F) (it is still a local computation - for instance, in the flat case it is a 
direct consequence of the fact that geodesies of H 2 are intersection of H 2 with linear 
time-like planes of Minkowski space). Then one cuts m K (F) along c x I and grafts a 
piece, say m K (A) such that 

(1) topological^/ m K (A) = (cx [0, a]) xl that is a the product of the annulus A = cx [0, a] 
by the time interval I. 

(2) the restriction of the metric on each slice A x {t} is a Euclidean annulus, whose 
width depends only on a and on t and whose boundary length is equal to the length 
of c x {t} C m K (F). 

(3) the boundary of m K (A) (that is dA x I = c x I x {0,a}) is totally geodesic and 
each component is isometric to cx I 
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For instance in the flat case m (A)is just (c x I) x [0, a] with the product metric (that is 
flat since it is the product of two flat metrics). For the other curvatures, the expression 
of the metric on mo (A) takes the more complicated form given by 

( , f -dt 2 + (di 2 (i)dr 2 + sh 2 (t)d0 2 ) for k = 1 

[ ) \ -dt 2 + (cos 2 (t)dr 2 + sin 2 (t)d9 2 ) for k = -1 

where 9 is an arc parameter on c and r is the variable on [0, a]. Notice that the width 
of A x {t} is independent of t only in the flat case. 

Remark 4.5. The piece xn~i(A) is well-defined only for t G (0, 7r/2) and this explains 
the definition of m_i(F). In general the spacetime obtained for k = —1 is never 
maximal, so more correctly m_i(F) will denote the maximal extension of the spacetime 
we have defined. In the next sections we will explain the reason of this asymmetry 
and also how the spacetime we have defined is uniquely determined by its maximal 
extension. 

Remark 4.6. A way to define m K (F, A) for a generic A is by means of an approximation 
argument. We take a sequence of simple weighted curves A n = (c„, a n ) converging to 
A and define xn K (F, A) = limm K (F, A n ). Clearly the existence of this limit has to be 
checked: to this aim it is better to work in the framework of (X, G)-structures and 
study the behaviour of the developing maps of m K (F, A). This will be the theme of the 
next sections. 

Notice that the construction of m K (F, A) gives, as a by-product, a natural foliation of 
the spacetime in spacelike surfaces homeomorphic to S. In fact in both m K (F) and 
xn K (A) we have pointed out a time-function t to express the metric in some explicit 
way, these functions glue to a time-function on vn K (F, A). Notice however that the 
function t in m K (F, A) is not smooth: its level surfaces are made by hyperbolic pieces 
and Euclidean annuli. In fact they are reminescent of the usual grafted surfaces. 
Let us consider the flat case. In such a case the t level surface corresponding to some 
value to is obtained by multiplying the hyperbolic metric on F by the factor £q (that is 
by multiplying the hyperbolic distance by the factor to), by cutting along c and gluing 
a Euclidean annulus of width a. This is the same as grafting an annulus of width a/t 
on F and then multiplying the grafted distance by the factor to- 
More generally one can check explicitly that for a weighted multi-curve A = (c, a) the 
surface t _1 (to) C va K (F, A) is metrically equal to 

t -Gr x/t0 (F) if « = 

(4) sht ■ Gr x/tghto (F) if k = 1 

sin t • Gr x/ tan to (F) if k = - 1 

The point that makes this remark interesting is that the function t is the cosmological 
time of xn K (F, A), so it is somehow independent of the parameterization and the same 
formulae to express the level surface work for every (F, A). This remark motivates the 
idea to find a canonical rescaling directed by the gradient of the cosmological time 
transforming tn (-F, A) into m±i(F, A) and a Wick Rotation transforming m (F, A) into 
the if-hull of Gr x (F). 

Remark 4.7. Consider the case S of finite type. For F e 1c(S) we could try to define 
m K (F) as in the closed case. Notice however that the slice S x {t} is in general not 
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complete. In fact such a spacetime have a natural totally geodesic timelike boundary 
that is homeomorphic to dF c x i. A way to get a complete level surface is then for 
each boundary component c of F to glue a piece m K (A) where A = c x [0, +00) is a 
annulus with infinite width and m K (A) = A x I with a metric given in ([3]). Notice 
that the definition of m K (F) is then consistent with the previous case provided to allow 
boundary component of F to carry an infinite weight. 

In fact one can show that to define m K (F, A) it is necessary to glue this cylindrical 
ends for every boundary component of F that is not close to the lamination. On the 
other hand, if A contains a leaf I spiraling around a boundary curve, it is clear that 
it is possible to define the analogous of m K (A) for this leaf (that now is the product 
of a infinite band of width equal to the weight of I and the time-interval i) and apply 
the grafting procedure. Notice that if I spirals around a boundary component c, the 
corresponding end on the slice S x {t} in m K (F, A) appears complete (in fact a path 
entering the ends meets the band infinite times so its length cannot be bounded). 
From this discussion it appears clear that in this context it is more convenient to use the 
notion of geodesic lamination on a surface given in Remark l3.12l That is we require that 
the boundary components of F are contained in the lamination and that paths arriving 
on the boundary have infinite total mass. In particular for each boundary component 
either a leaf spirals around it or it carries an infinite weight. With this definition the 
lamination on F is obtained by putting the weight +00 on each boundary component. 

4.3. Wick rotation - rescaling set up. Let us go back to the statement concerning 
the canonical correlations. We will see that every spacetime va K (F, A) has (rather tame) 
cosmological time, so that the geometry of the initial singularity will quite naturally 
arise. The above mentioned Wick rotation-rescaling (possibly only defined on suitable 
"slabs" of the spacetimes) will be directed by the gradient of the cosmological times. 
The rescaling functions will be universal in the sense that their values only depend on 
the cosmological time values: for every y in the domain of definition, (3(y) = /3(r(y)), 
a(y) = a(r(y)). We stress that they do not depend on (F, A). 

We are going to outline the linked auguments establishing both the constructions of 
the maps m*, the geometric correlations and the fact that the materialization maps 
induce bijections. 

Let (F, A) G M.C(S). With the notations of Section [3j we have 

f c f c c f = e 2 /r . 

(F C ,X) lifts to a T-invariant couple (if , A) where if is a straight convex set in H 2 
equipped with the measured geodesic lamination A. The universal covering map 

H 2 ->• F 

restricts to the universal covering maps ff — ► F c , if — > F, where if is the interior of 
ff . To simplify the notations we make the abuse of always writing A instead of either 
A, (F, A) or (if, A), that is we will understand F or if. 

The projective surface 

S v = nvp(A) 
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will be given in terms of a couple (d v , h v ) of compatible developing map 

4 : S -> S 2 

and holonomy representation 

h v : m(S) ^PSL(2,C) ■ 

We denote 

Pj> '■ S-p ► Sp 
the corresponding local isomorphic universal covering. 
Similarly, every spacetime 

will be specified by a compatible couple (<i A , h*), 

d x K : S x R -> X K 
h x R : 7Ti(5) -> Isom + (X K ) . 

We denote 

= w A - r A 

the corresponding local isomorphic universal covering. 

For simplicity, we will often identify S with F, S with H, ni(S) with T, and so on. 

For every F as above, denote A the measured geodesic lamination just consisting of 
the +oo weighted boundary components of F c . Recall that Ao is the initial end-point 
of any ray in M.C(F). We will describe explicitely the corresponding surface S v and 
spacetimes Y K , U K . Every A G AiC(F) somehow encodes the instructions in order 
to deform h®) towards (rf A , /i A ) as it has been make explicit in the case of finite 
laminations. 

4.4. Flat spacetimes classification. Take the hyperboloid model H 2 C X of the 
hyperbolic plane. The chronological future of in X is the cone I + (0) = {— Xq + x\ + 
x\ < 0, x 2 > 0} from over H 2 . J + (0) has cosmological time r = (xq — (x\ + xl)) 1 ^ 2 , 
so that H 2 = {r = 1} and is the initial singularity. The future I + (r) = {—x 2 , — 
x\ < 0, x 2 > 0} of the spacelike geodesic r = {x = x 2 = 0} has cosmological time 
t = (xq — x\) l l 2 ] r is the initial singularity. 

Construction of Uq. The cone CqH from over H C H 2 is contained in 7 + (0). The 
boundary of CqH is made by the cone over the boundary of H. Each component of 
dCoH, corresponding to a geodesic line 7 C dH, is the intersection with J + (0) of a 
hyperplane P 7 , orthogonal to a determined unitary spacelike vector t> 7 , that points out 
of CqH. The developing map d^ is an embedding onto the convex domain Uq of X 
made by the union of CqH with the future of all the rays of the form {tv y + x\t > 0}. 

A convenient description of the domain U$ is as the intersection of half-planes. In fact 
we have 

xeH 

This shows that is convex and future complete. 
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Up to isometry of X , the local model for Uq at each component of dCo(H), is the 
future of the ray {x 1 > 0} C r, that is 

J + (r + ) = (J+(0) n {xi < 0}) U (J+(r) n {xi > 0} . 

The above cosmological times match at the intersection, producing the cosmological 
time of the union, that turns to be a C 1 function. The ray r + is the initial singularity. 
Then Uq has cosmological time that coincides with the one of / + (0) on CqH] the initial 
singularity is the spacelike tree made by one vertex at and the rays tt> 7 , t > 0, 
emanating from the origin. The action of ffi(S) on H naturally extends to the whole 
of Uq , giving the holonomy h^. 

Construction of Uq. Let us consider now an arbitrary lamination A = (L, /i) G 
M.C(F). The developing map d x will be always an embedding onto a convex domain 
Uq in X , obtained as follows. Fix a base-point xo G H not belonging to the weighted 
part L w of A. For every x G H \ L w choose an arc c transverse to A with end-points 
xo and x. For t G c fl L, let -u(t) G M 3 denote the unitary spacelike vector tangent to 
H 2 at t, orthogonal to the leaf through t and pointing towards x. For t G c \ L, let us 
set f (t) = 0. In this way we define a function 

v : c -»• M 3 

that is continuous on the support of /i . We can define 

s(x) = J v(t)dfM(t). 

It is not hard to see that s does not depend on the path c. Moreover, it is constant on 
every stratum of the stratification determined by A, and it is a continuous function on 
H \ L w . 

The domain Uq can be defined in the following way 

U X = f) I+(,(x)+^) 

where x x denote the orthogonal 2-plane to i in X . Note that this definition is com- 
patible with the one already given for Uq. 
The holonomy of Y X can be defined in this way: 

^o A (7) = ^(7) + r( 7 ) 

where h,Q : 7Ti(S) — > SO(2, 1) is the hyperbolic holonomy of F and t(j) is the translation 
by the vector s^Xq). Since the lamination A is /i-invariant (being the pull-back of a 
lamination on F) the domain Uq turns to be /^-invariant and Y X is the quotient of Uq 
by this action. 

Let us summarize the main properties of this constructions (see [Hil [6] for all details). 

Theorem 4.8. (1) Uq coincides with the intersection of the future of its null support 
planes. In particular it is future complete. 

(2) Uq has C 1 cosmological time T A with range (0, +oo). Every level surface Uq{o) = 
(T A ) _1 (a) is a complete Cauchy surface. For every y G Uq, there is a unique past 
timelike geodesic segment emanating from y that realizes T A (?/). The union of the past 
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end-points of such segments makes the initial singularity E . This is a spacelike M-tree 
injectively immersed in X . 

(3) The action of ffi(S) on H induces a natural flat spacetime holonomy action on 
Uq U Eq. The cosmological time descends to the quotient spacetime F A . 

It is convenient to give a general definition of convex subset of X satisfying statement 
(1) in this theorem. 

Definition 4.9. A regular domain is an open convex subset of Xo that coincides 
with the intersection of the future of its null support planes and admits at least two 
non-parallel null support planes. 

Hence we have a well defined map 



The spacetimes U (and Y ) are particularly simple to figure out when A is a finite 
lamination. In such a case, the local model consists of the future, say U , of a segment 
/ = [0, aofo], where Vq is a unitary spacelike vector and < < ir. Here local model 
means that there is a neighbourhood of each point p £ that embeds in Uq via an 
isometry that preserves the cosmological time. 

The cosmological time on Uo is realized by geodesies with starting point on [0, aov], so 
there is a natural projection say r : U — > [0, a v] sending p to the point on the segment 
that relaizes the cosmological time. 



We have a decomposition of U in three pieces U ,Uq ■> V defined in the following way: 



m : MC(S) -> MGHo(S) . 




Figure 2. The domain U , its decomposition, and a level surface. 



V = r 1 (0,a v ) ; 
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We denote by Uq(o), Uq(o), V(a) the intersections of corresponding domains with the 
surface U (a). Surfaces Uq(o) are hyperbolic of constant curvature — I /a 2 . On the 
other hand, the parametrization of V given by 

(0, a ) x l 3 (t, y)^ay + tv E V(a) 

produces two orthogonal geodesic foliations on V. The parametrization restricted to 
horizontal leaves is an isometry, whereas on the on vertical leaves it acts as a rescaling 
of factor a. Thus V(a) is a Euclidean band of width qj - Note that by formally setting 
a = +oo, and removing Uq , we recover the above local model for at each compo- 
nent of dC {H). 

The initial singularity of a flat spacetime corresponding to a finite lamination is a 
simplicial metric tree. On the other hand, in [10] we prove also a suitable continuous 
dependence of Uq on A. By using the density of finite laminations, this implies that 
spacetimes corresponding to finite laminations provide us with good approximations 
of arbitrary ones. 

Asymptotic states. In general, the cosmological time level surface Uq(1) (F a (1)) is 
a C 1 spacelike surface; with the induced Riemannian metric it realizes the grafting of 
H (the hyperbolic surface F) at the measured geodesic lamination A. By taking the 
rescaled level surface (l/a)Y^(a), we get a 1-parameter family of grafting of F. More 
precisely we get that (l/a)F A (a) is obtained by grafting F along A/a. 
When a — > +oo the geometries of (l/a)F A (a) converge to F. The geometry of the 
initial singularity S A of tl Q , together with the isometric action of T on it, is "dual" 
to the geometry of the measured lamination A, and can be recovered by means of 
the asymptotic behaviour of the level surfaces U (a) (equipped with the respective 
isometric actions of F on them), when a — > 0. 

The inverse map of mo- The image of mo consists of spacetimes whose universal 
covering is a regular domain that is, in particular, future complete. On the other hand, 
general results due to Barbot [5] on flat spacetimes, applied in our finite type situation, 
imply that, possibly reversing the time orientation, every spacetime Y in AiQHo(S) 
is future complete, and its universal covering is a regular domain U ^ I + (r). So it is 
natural to consider the quotient A4QHo(S)/±, up to time orientation reversing. We 
are going to outline the steps leading to the inverse map of mo, defined on it. First 
one shows that every regular domain U has cosmological time T that satisfies point 
(2) of Theorem 14.41 We consider the level surface We have a natural continuous 

retraction 

r:W(l)^S w 

onto the initial singularity. Moreover, the gradient of T is a unitary vector field, hence 
it induces the Gauss map 

N : U{1) -> H 2 . 

The closure Hu of the image of iV in H 2 is a straight convex set. If U — > Y is a universal 
covering of Y G M.Q1H.q{S) , the action of 7Ti(S) extends to H u , and makes it a universal 
covering of Ff], for some F u 6 F(S). We take the partition of U(l) given by the closed 
sets r~ x (y), y E E^- Via the retraction, we can pullback to this partition the metric 
structure of S^, and (in a suitable sense) we can project everything onto Hu, by means 
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of the Gauss map. More precisely, if r _1 {y) is 1-dimensional, then it is a geodesic line, 
so that the union of such lines makes a lamination in We can define on it a 

transverse measure such that the mass of any transverse path is given by the integral 
of the Lorentzian norm of the derivative of r. A measured geodesic lamination \u on 
Hu is obtained via the push-forward by N of this lamination on W(l). This descends 
to a lamination \u on F. So we eventually get m ~ 1 (F) = (Fu, Xu)- This achieves our 
classification of flat MGH spacetimes of finite type. 

4.5. Wick rotation: flat Lorentzian vs hyperbolic geometry. Although we 
adopt a slightly different definition of the involved measured geodesic laminations, 
the bijective map 

m P : MC{S) -> V{S) 

is due to Kulkarni-Pinkall [37] and extends one due to Thurston for compact S. This 
is unfolded in terms of a 3-dimensional hyperbolic construction. We are going to 
describe it, by performing at the same time the canonical Wick rotation establishing 
the correlation between the flat spacetimes Y G AiQHo(S) and suitable hyperbolic 
3-manifolds. 

For every Y E MGH Q {S) {Y = Y X ), with universal covering IA — > Y , and cosmo logical 
time T, we construct a local C 1 -diffeomorphism 

d m : U{> 1) -> H 3 

and a compatible holonomy 

hu-.n^^PSL^X) 
realizing a (non complete) hyperbolic structure M = My on Y(> 1). This verifies the 
following properties: 

(1) The hyperbolic metric of M is obtained by the Wick rotation of the flat Lorentzian 
metric on Y(> 1), directed by the gradient of T, with universal rescaling functions: 



T 2 _ 1 > y (T 2 — l) 2 

(2) Recall that the closure H of the Gauss map image is the straight convex set realizing 
the future asymptotic geometry of U. Then the map g?h extends (in /i H equivariant 
way) to 

d m : U(> 1) U H -> H 3 

such that: 

(a) The restriction of d a toU(> 1) U H corresponds to the completion of the manifold 
M. The restriction to H is a locally isometric pleated immersion in H 3 , having the 
measured geodesic lamination A as bending locus. This gives the so called hyperbolic 
boundary of M. The level surfaces U(a), a > 1, correspond via dm to level surfaces of 
the distance function A on M from its hyperbolic boundary, so that the inverse Wick 
rotation is directed by the gradient of A. More precisely the following formula holds: 

A = arctgh(l/T) . 
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(b) The restriction du\u(i) actually coincides with the developing map of the complex 
projective structure Sp 

d T :U{l) -> S 2 

so that 

h-p = . 

The spacelike metric of U(l) (Y(l)) coincides with the Thurston metric of this pro- 
jective surface, as well as its canonical stratification coincides with the stratification 
induced by the retraction r of onto the initial singularity. This gives the so called 
asymptotic complex projective boundary of M. In fact M turns to be the if -hull of 
Y(l). 

Remark 4.10. We recall here the definition of the above mentioned "Thurston metric" 
and "canonical stratification" . Let us take a complex projective structure on our surface 
S and consider a developing map 

D : S -> S 2 . 

Pulling back the standard unitary- sphere metric of S 2 on S is not a well-defined op- 
eration, as it depends on the choice of the developing map. Nevertheless, by the 
compactness of S 2 , the completion S of S with respect to such a metric is well-defined. 
It turns out that in our finite-type situation, S \ S contains at least 2 points (we say 
that it is of hyperbolic type). A round disk in S is a set A such that D\& is injective 
and the image of A is a round disk in S 2 (this notion is well defined because PSL(2, C) 
sends round disks onto round disks). Given a maximal disk A (with respect to the 
inclusion), we can consider its closure A in S. 

A is sent by D to the closed disk D(A). In particular, if g& denotes the pull-back on 
A of the standard hyperbolic metric on D(A), we can consider the boundary of A in S 
as its ideal boundary. Since A is maximal, A is not contained in S. So, if Aa denotes 
the set of points in A \ S, let A be the convex hull in (A, g&) of A a (by maximality A a 
contains at least two points). In |37J it is proved that for every point p G S, there exists 
a unique maximal disk A containing p such that p G A. So, {A|A is a maximal disk} 
is a partition of S. We call it the canonical stratification of S. Clearly the stratification 
is invariant under the action of tti(S). 

Let g be the Riemannian metric on S that coincides at p with the metric g&, where 
A is the maximal disk such that p G A. It is a conformal metric, in the sense that it 
makes D a conformal map. It is C ' and is invariant under the action of 7fi(S). So, it 
induces a metric on S. We call it the Thurston metric on S. 

Finally let us recall the construction of the if-hull of S. For p G S, let A(p) be the 
maximal disk such that p G A. The image of A via dev is a round disk in S 2 , so its 
boundary is the trace of a hyperbolic plane P(p) in H 3 . Let c p the geodesic half-line 
with an end-point at dev(p) an end-point on P(p) and orthogonal to P(p). Then the 
developing map of the if-hull of S is the map 

S x (0, +oo) 3 (p, t) ^ c p {t) G H 3 . 



(2+1) EINSTEIN SPACETIMES OF FINITE TYPE 



39 



Notice that if S is quasi-Fuchsian, the if -hull is simply the end of the corresponding 
quasi-Fuchsian manifold facing S. 

About the rescaling functions. Before proving the Theorem we want to give some 
euristhic motivation for formulae of Wick Rotation. The point is that we want to 
construct a Wick Rotation transforming Y^ (or some slab) into the i?-hull, say H, 
of Gr x (F), in such a way that the CT level surfaces are sent to level surfaces of the 
distance from the hyperbolic boundary and rescaling functions are constant on level 
surfaces. Now suppose that such a Wick Rotation exists. Let A(T) be such a way 
that the Wick Rotation transforms Y(T) into M(A(T)), and let oc(T) and /3(T) be the 
horizontal and vertical rescaling functions. 
By formulae (|2J) and (jlj) we should have 

(a(T)) l / 2 TGr x/T {F) = ch A(T)GV tgh A(T)A 

Since Gr t \(F) is conformally equivalent to Gr sX (F) iff s = t we deduce that 

T = l/tgh(A(T)) 

that is A(T) = arctgh(l/T). Moreover we have 

a(T) = ch 2 (A(T))/T 2 = 1/(T 2 - 1) . 

Finally, let X denote the gradient of T with respect to the flat metric and Y denote 
the gradient of A with respect to the hyperbolic metric. We have X = —f3 1 ^ 2 Y. On 
the other hand (X,Y) Hyp = dA(X) = M(T)dT(X) = -1/(T 2 - 1). Thus (3{T) = 
1/(T 2 -1) 2 . 

Summarizing, if some Wick Rotation exists satysfying properties we have required, 
then necessarily a = 1/(T 2 — 1) and (3 = 1/(T 2 — l) 2 . 

Bending cocycle A key step in the construction is the bending of H in H 3 along a 
measured geodesic lamination A. We mostly refer to the Epstein-Marden paper [23] 
where this hyperbolic bending has been carefully studied (in the case of H = H 2 ; 
however the constructions extend straightforwardly to the general case). In fact in [23] 
one considers quake- bend maps, more generally associated to complex-valued transverse 
measures on a lamination C Bending maps correspond to imaginary valued measures. 
So, given a measured geodesic lamination A = (£, /i) G Ji4£(F), we take i\x in order to 
get the corresponding bending map. 

The bending cocycles. We fix once and for all an embedding of H 2 into H 3 as a 
totally geodesic hyperbolic plane. 

Given A on H as usual, we define first the associated bending cocycle (recall a similar 
notion already introduced in Section [3] relatively to the earthquakes). This is a map 

B x :HxH^ PSL{2X) 
which satisfies the following properties: 

(1) B x (x, y) o B x (y, z) = B x (x, z) for every x,y,z E H. 

(2) B x (x, x) = Id for every x G H. 

(3) B x is constant on the strata of the stratification of H determined by A. 

(4) If A n — ► A on a e-neighbourhood of the segment [x,y] and x, y £ Lw, then 
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If A is finite, then there is an easy description of B x . If I is an oriented geodesic of H 3 , let 
Xi G st(2, C) denote the infinitesimal generator of the positive rotation around I such 
that exp(27rX;) = Id (since / is oriented the notion of positive rotation is well defined). 
Now take x,y G H. If they lie in the same leaf of A then put B x (x, y) = Id. If both x 
and y do not lie on the support of A, then let l±, . . . , l s be the geodesies of A meeting the 
segment [x, y] and a±, . . . , a s be the respective weights. Let us consider the orientation 
on li induced by the half plane bounded by k containing x and non-containing y. Then 
put 

B\(x, y) = exp(aiXi) o exp(a 2 ^2) o • • • o exp(a s X s ) . 

If x lies in l\ use the same construction, but replace a\ by ai/2; if y lies in l s replace 
a s by a s /2. 

The bending cocycle is not continuous on the whole definition set. However, there is a 
natural continuous "pull-back" of it to a cocycle defined on the flat spacetime U = Uq 

B x :UxU^ PSL{2, C) 

such that 

B x (p,q)=B x (N(p),N(q)) 
for p, q such that N(p) and N(q) do not lie on Lw- 

This map is locally Lipschitz (with respect to the Euclidean distance onW). Moreover, 
for every compact set K of U, the Lipschitz constant on K x K depends only on N(K), 
on the diameter of r(l, -){K) and on the maximum M and minimum m of T on K. 

The bending map. Fix a base point x of H (x is supposed not to be in L w ). The 
bending map of H along A is 

F = F x : H 3 x i-> B(x , x)x G H 3 . 

F satisfies the following properties: 

(1) It does not depend on x up to post-composition of elements of PSL(2, C). 

(2) It is a 1-Lipschitz map. 

(3) If A n — > A then F Xn — > F x with respect to the compact open topology. 
The Wick rotation. We are ready to construct the local C^-diffeomorphism 

d m : U{> 1) -> H 3 
with the properties outlined at the beginning of this Section. 

Recall the continuous cocycle B = B x defined above on the whole ofUxU. Since both 
H 3 and H 2 C H 3 are oriented, the normal bundle is oriented too. Let v denote the 
normal vector field on H 2 that is positive oriented with respect to the orientation of the 
normal bundle. Let us take po G A^~ 1 (x ) and for p G IA{> 1) consider the geodesic ray 
c p of H 3 starting from F(N(p)) with speed vector equal to w(p) = B(p ,p)*(v(N(p))). 
Thus <ie is defined in the following way: 

dm(p) = c P (arctgh(l/T(p))) = exp F{N{p)) ^arctgh (^j^yj ™(p) 

As usual, we make everything explicit on the local models of Uq and of flat spacetimes 
associated to finite laminations. 
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Local model of the Wick rotation for finite laminations. Consider as above the future 
U of a spacelike segment in X (adopting the same notations). We introduce suitable 
C 1 ' 1 coordinates on Uq. Denote by l a the boundary of W ~(a) and by d a the intrinsic 
distance of Wo (a). Fix a point z on l and denote by z a G l a the point such that 
N(z a ) = z . 

For every x G Uo(a) there is a unique point ir(x) G l a such that d a (x, l a ) = d a (x, 7r(x)). 
Then we consider coordinates T, (, u, where T is again the cosmological time, and (, u 
are defined in the following way 

C(x) = e(x)d T(x) (x,l T(x) )/T(x) 
u(x) = e'(x)d T(x) (7r(x),z T(x) )/T(x) 

where e(x) (resp. e'(x) ) is — 1 if x G U Q (resp. ir(x) is on the left of zt( x )) an d is 1 
otherwise. 

Choose coordinates (y , y^y-i) of the Minkowski space such that v = (0,0,1) and 
z = (1, 0, 0). Thus the parametrization induced by T,(,u is 

{T(ch-uch£, shwch£, sh() if ( < 

T(ch M , shu, C) if (e [0,a /T] 

T(ch-uchC', sh-uch^', sh (' + a Q /T) otherwise 

where we have put (' = ( — a^/T. 

With respect to these coordinates the metric take the following form: 

f -dT 2 + T 2 (dC 2 + ch 2 Cdw 2 ) if C < , 
h (T, (,u) = \ -dT 2 + T 2 (dC 2 + du 2 ) if C G [0, a /T] , 

[ -rfT 2 + T 2 (dC 2 + ch 2 (C')dw 2 ) otherwise. 

d 

Notice that the gradient of T is just the coordinate field — — . 
The Gauss map takes the following form 

{(ch-uch^, shwchC, sh£) if ( < 
(chu, shu, 0) if C G [0,a o /T] 

(ch.uch(', sh-uch^', sh(') otherwise 

and the bending cocycle Bq(pq, (T,(,u)) is the rotation around l of angle equal to 
if C < 0, ( if ( G [0, a /T], a /T otherwise. 

Let H 3 be identified with the set of timelike unit vectors in the 3 + 1-Minkowski space 
M 4 . We can choose affine coordinates on M 4 in such a way the inclusion H 3 C H 4 
is induced by the inclusion X — > M 4 given by (xq, x±, X2) 1— > (xq, x±, X2, 0). Thus the 
general rotation around Z of angle a is represented by the linear transformation T a , 
such that 

T a (eo) = eo, T a (e\) = e±, T(e 2 ) = cos a e 2 + sino; e%, T a (es) = — sin a e 2 + coso; e% 
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Figure 3. The image £ of D and its decomposition. 



where (eo, ei, 62, e^) is the canonical basis of R 4 . Thus, we can write in local coordinates 
dm = D 

( ch<5(chCchw, chCshw, shC, 0) + sh 5(0, 0,0,1) 
if C < ; 



c c 

ch5(chu, shu, 0,0) + sh.5 ( 0, 0, — sin - - - , cos ■ 



tgh S tgh 5 

ifCG [0,« /T] ; 

ch £ (ch £'ch w, ch^'shw, sh^'cosao, sh^'sinao) + 
sh 5(0, 0, — sin a , coscto) 
, otherwise 



where 5 = arctgh (1/T) and £' = rj — ao/T. This map is clearly smooth for ( 7^ 0, oiq/T. 
Since the derivatives of D with respect the coordinates fields glue along ( = and 
( = aoT the map D is C . It is not hard to see that the derivatives are locally 
Lipschitz. One can check by direct computation that Dq (g) is obtained by the canonical 
Wick rotation. The same formulae hold on Uq , providing that we replace Uq U V by 
r (0, +oot> ), the inverse image of the open ray. 

The holonomy h B . Recall that (F, A) G M£(S), F C F c C F = U 2 /T, F = H/T. 
Then (see [21]) the bending cocycle satisfies: 



B\(ix } 72/) = 7 o B(x, y) o 7 1 



for every 7 G F 
Consider a bending map 

For 7 G T let us define 



Fx : H 



IF 



/i H ( 7 ) = 5 A (x , 7^0) o 7 e P^(2, 1 
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clearly F\ is /ie-equivariant. We eventually get that the Wick rotation descends on the 
quotient spacetime Y = Y" A , this gives the required hyperbolic structure M on Y(> 1), 
having as asymptotic boundary the projective surface S^,. 

4.6. Flat vs de Sitter Lorentzian geometry. In order to classify MGH de Sitter 
spacetimes of finite type in terms of complex projective structures, we widely refer to 
[4"5] where the case of compact Cauchy surfaces was treated. In fact we can check that 
all constructions work as well by simply letting the Cauchy surface be complete of finite 
type. Let us summarize the main steps of this classification: 

(1) We associate to every complex projective structure on a surface of finite type S a so 
called standard spacetime belonging to M.Q7i\{S). It turns that it is future complete. 
By composing with the parametrization nvp : M.C(S) — > V(S), we eventually construct 
the injective map mi : MC(S) — > M.QHi(S). 

(2) We show that, possibly inverting the time orientation, every spacetime in M.Q7i-i(S) 
is standard, that is mi : M.C(S) — > M.Q7ii(S) / ± is a bijection (with the same meaning 
of ± as for m ). 

We recall the construction of these standard spacetimes. Given a projective structure 
on S, with developing map 

d : S — > 

we perform a construction which is dual to the one made for the if-hulls. Recall the 
canonical stratification of S. For every p G S let U(p) denote the stratum passing 
through p and U*(p) be the maximal ball containing U(p). Now d(U*(p)) is a ball 
in which determines a hyperbolic plane in H 3 . Let p(p) denote the point in Xi 
corresponding to this plane: the map p : S —>■ Xi turns out to be continuous. There 
exists a unique timelike geodesic c p in Xi joining p(p) to d(p) so we can define the map 

d : A x (0, +oo) 9 (p, t) i-> Cp(t) E X 1 

This map is a developing map for the required standard de Sitter spacetime. A com- 
patible holonomy follows by a natural equivariant version of the construction. 

Assume now that the the projective structure is encoded by (F, A) G A4C(S), via 
m-p. We eventually realize that the construction of mi can be obtained via a canonical 
rescaling performed on V A °(< 1). More precisely we realize d as a C 1 developing map 

d x , : U x (< 1) -> X x 

obtained as a sort of semi-analytic continuation of the hyperbolic developing map g?h 
constructed in the previous Section, and we have: 

Theorem 4.11. The spacetime U\ (Y\), obtained from U®(< 1) (Y®(< 1)) via the 
rescaling directed by the gradient of its cosmological time T and with rescaling functions 

1-T 2 P (1-T 2 ) 2 

is the standard de Sitter spacetime corresponding to the projective structure on 
(Y®(1)) produced by the Wick rotation. 
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Figure 4. A standard de Sitter spacetime - local model 

The construction of d\ is very simple. We regard both H 3 and Xi as open sets of the 
real projective space (Klein models), separated by the quadric S^. If s is a geodesic 
integral line of the gradient of the cosmological time, s>i = s fl W°(> 1) is sent by dm 
onto a geodesic ray of H 3 . We define d\ on s<i in such a way that it parameterizes 
the timelike geodesic ray in Xi contained in the projective line (in the Klein model) 
determined by c?h(s>0- 

The proof, as well as the explicit computation for our favourite local models (evoked 
in the Figure) are similar to the ones made for the Wick rotation, so we omit them. 
A main point in proving that mi is a bijection consists in 

Proposition 4.12. (1) Every Y E M.Q7i\{S) has C 1 cosmological time, and every 
level surface is a complete Cauchy surface. 

(2) IfY = Y^ with universal covering H\, then the cosmological time oflA\ is 

r = arctgh (T) . 

T being the cosmological time of U®(< 1). Hence the inverse rescaling is directed by 
the gradient of r and has universal rescaling functions. 

(3) Let S° be the initial singularity of 14®. Then the map d* extends to a continuous 
map 

U° x (< 1) U S° -f X x U . 

Moreover, its restriction to coincides with du; the restriction to E° is an (equi- 

variant) isometry onto the initial singularity S 1 ofli x . 

Note that, in contrast with the flat Lorentzian case, these de Sitter developing maps, 
as well as the dual hyperbolic ones are in general not injective. 

4.7. Flat vs Anti de Sitter Lorentzian geometry. We are going to outline first 
a few features of the spacetimes in M.Q7i-i(S). Recall the content of Section [2T2l in 
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particular the duality between points x of X_i and spacelike planes P{x), or between 
spacelike lines, I — > I*. Recall also that the boundary <9X_i has a natural causal 
structure, so that the notion of a nowhere timelike simple closed curve embedded in 
<9X_i makes sense. 

Standard AdS spacetimes. Given such a curve C C X_i, assume furthermore that 
C is different from a (left or right) leaf of the natural double foliation of <9X_i (that it 
is a so called admissible achronal curve). Then its Cauchy development is defined as 

y(C) = {pe X_ x |9P(p) n C = 0} 

and the so obtained spacetime is called a (simply connected) standard AdS spacetime. 
C is said its curve at infinity. C is homotopic to the meridian of <9X_i with respect 
to X_i. In general and AdS spacetime is said standard if its universal covering is 
standard. 

The convex core. There exists a spacelike plane P not intersecting y(C) (see [4"T]). 
In the Klein model we can cut P 3 along the projective plane P containing P and we 
have that y(C) is contained in M 3 = P 3 \ P. Since C is nowhere timelike, then for 
every point p G C the plane P(p) tangent to <9X_! at p (that cuts X_i at a null totally 
geodesic plane) does not separate C. It follows that the convex hull K(C) of C in M 3 
is actually contained in X_i. We realize that K{C) does not depend on the choice of 
P, and is called the convex core of y(C). 

Support planes of JC(C) are non-timelike and the closure y(C) of y(C) in X_i coincides 
with the set of dual points of spacelike support planes of K(C) whereas the set of points 
dual to null support planes of JC(C) coincides with C. y(C) is convex and the closure 
of y(C) in X_i is y(C) U C. It follows that K{C) C y(C). A point p G dK{C) lies in 
y(C) if and only if it is touched only by spacelike support planes. 
Being the boundary of a convex set in M 3 , <9/C(C) U C is homeomorphic to a sphere. In 
particular dfC(C) (that is the boundary of /C(C) in X_i) is obtained by removing a circle 
from a sphere, so it is the union of two disks. These components will be called the past 
and the future boundary of /C(C) (with respect to the time orientation), and denoted 
d-JC(C) and d + K,{C) respectively. Given any inextendible timelike ray contained in 
JC(C), its future end-point lies on the future boundary, and the past end-point lies on 
the past boundary. 

d + K{C) n y(C) is obtained by removing from d + fC{C) the set of points that admits 
a null support plane. Now suppose that a null support plane P passes through x G 
d+K{C). Then P n K.(C) is a triangle with a vertex at x(P), two ideal edges (that 
are segments on the leaves of the double foliation of <9X_i) and a complete geodesic of 
JC(C). It follows that the set d + JC(C) fl y(C) is obtained by removing from <9+/C(C) 
(at most) numerable many ideal triangles, so it is homeomorphic to a disk. The only 
case for d+K{C) fl y(C) to be empty is that the curve C is obtained by joining the 
end-points of a spacelike geodesic I with the end-points of its dual geodesic I*; in that 
case y(C) = /C(C), and we call it the degenerate standard spacetime. So, from now on, 
we incorporate in the definition of standard AdS spacetime that it is not degenerate. 
Moreover, since we will be mainly interested in d + K.(C) fl y(C), from now on we will 
use d + K{C) just to denote that set. 

Proposition 4.13. <9+/C(C) is locally C Q -isometric to H 2 . 
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Remark 4.14. If <9 + /C is complete then it is isometric to HI 2 . In general d + fC is not 
complete, not even in the special case when C is the graph of a homeomorphism of S 1 
onto itself. Moreover, it can be not complete even when there are no null triangles on 
the boundary. 

The past part of a standard spacetime. The past part V = V(C) of a standard 
AdS spacetime y(C) is the past in y(C) of the future boundary d + fC of its convex core. 
The complement of d + JC in the frontier of V(C) in X_i is called the past boundary of 
y(C), denoted by d_V. 

Proposition 4.15. Let V be the past part of some y(C). Then V has cosmological 
time t and this takes values on (0, 7r/2). For every point p E V there exist only one 
point p-(p) E dJP, and only one point p+(p) E d + K such that 

1. p is on the timelike segment joining p~(p) to p+(p). 

2. r(p) is equal to the length of the segment [p-{p),p\- 

3. the length of [p-(p), p + (p)] is ir/2. 

4. P(p_(p)) is a support plane for V passing through p+(p) and P(p + (p)) is a support 
plane for V passing through p_ (p) . 

5. The map p i— > p~(p) is continuous. The function r is C 1 and its gradient at p is the 
unit timelike tangent vector grad r(p) such that 

exp p (r(p)gradr(p)) = p_(p) . 

Summing up, given the past part V of a standard AdS spacetime y(C), we can con- 
struct: 

the cosmological time r : V — > (0, 7r/2); 
the future retraction p + : V — > d + JC; 
the past retraction p_ : V — > cLP. 

Corollary 4.16. 1. Given r in the past boundary of y , pl 1 (r) is i/ie set of points p 
such that the ray starting from r towards p meets at time n/2 the future boundary of 
K. 

2. The image of p_ is the set of points of dJP whose dual plane meets C at least in 
two points. 

3. The image of p + is the whole d + )C. 

The image of the past retraction is called the initial singularity of y(C) . 
For every surface of finite type S, Stand_i(5') denotes the Teichmiiller-like space of 
standard AdS spacetimes admitting a Cauchy surface homeomorphic to S. The fol- 
lowing is a fundamental step towards the classification. 

Theorem 4.17. Stand^S) = MGH-i(S). 

Note that a consequence of this theorem is that, similarly to the flat case, the developing 
maps of finite type MGH AdS spacetimes are embedding onto convex domains. 
The fact that every spacetime in J\AQH-i(S) is standard follows from the following 
more general result (Section 7 of [4"T]). 
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Proposition 4.18. Let Y be an Anti de Sitter simply connected spacetime, and F C Y 
be a complete Cauchy surface. Then the developing map Y — > X_! is an embedding 
onto a convex subset o/X_i. 

The closure of F in Xo is a closed disk and its boundary OF is a nowhere timelike curve 

/ax_ x . 

If Y is the maximal globally hyperbolic Anti de Sitter spacetime containing F then 
Y = y(C). The curve OF determines Y , namely p G Y iff the dual plane P(p) does 
not meet dF. 

Conversely dF is determined by Y , in fact dF is the set of accumulation points of Y 
on <9X_i. If F' is another complete spacelike Cauchy surface ofY then dF' = dF. 

The main step in order to prove the opposite inclusion is the following proposition 
(recently achieved also by Barbot [6] (2) with a different approach with respect to [10J ) , 
that also holds for arbitrary standard spacetimes. 

Proposition 4.19. IfV is the past part ofy{C) then every level surface V(a) of the 
cosmological time is complete. 

Corollary 4.20. Every level surface V(a) of the past part V of a standard AdS space- 
time y{C) is a complete Cauchy surface of y(C) and this last is the maximal globally 
hyperbolic AdS spacetime that extends V. 

Remark 4.21. r extends to the cosmological time of y{C), that takes values on some 
interval (0,ao(C)), for some well defined tt/2 < oq(C) < ir. Notice however that r is 
C 1 only on the past part. 

The map m_ x . Let (F, A) G MC(S), F C F c C F = M 2 /T (F C ,A), with universal 
coverings H 2 — ► F, H — > F c , and H — > F respectively, as usual. Fix an embedding 
of H 2 in X_! as a spacelike plane (for instance as P(Id)). The key ingredient to 
construct m_i is the AdS version of the bending of H C H 2 along the lamination A (see 
below). This produces a convex embedding <p\ : H — > X_i. Recall that to construct 
the i7-hull (via the Wick rotation) we used the bending map fx '■ H — * H 3 , that is a 
local convex embedding, and then we followed the geodesic rays normal to f\(H), in 
the non-convex side bounded by f\(H). Eventually the developing map c?e has been 
obtained by requiring that the integral lines of the cosmological times would be sent 
to the integral lines of the normal flow. Also in the present situation we construct a 
C 1 developing map 

d\ : W A -> X_i 

by requiring that the integral lines of the cosmological time of are sent to the integral 
line of the normal flow. An important difference, with respect to the hyperbolic case, is 
that the normal flow is followed now in the convex side bounded by <p\(H) (otherwise 
singularities would be reached). It turns that the image of d_ 1 is the past part of a 
standard AdS spacetime, that plays here the role of a sort of AdS-hull. More precisely 
we have: 

Theorem 4.22. (1) is an embedding onto the past part V x of a determined hi\ = 
y(C x ), which is the universal covering of Y_ x G AiQH-i(S). The image of the AdS 
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bending map cpx coincides with d+JC(C ). The map d_ 1 continuously extends to an 
isometry between the respective initial singularity. 

(2) Li\ is produced by the rescaling oflA^, directed by the gradient of the cosmological 
time T, with universal rescaling functions 

1 + T 2 ' P (1 + T 2 ) 2 ' 

(3) The cosmological time r on V x is given by 

T{p) = tanr(p) . 

In such a way we construct an infective map 

m_i : MC(S) -> MGH-i(S) . 

The following general proposition (specialized to Stand_i(S')) implies that m_i is in 
fact a bisection. 

Proposition 4.23. For every standard AdS domain y = y(C), the rescaling of its 
past part V , directed by the gradient of the cosmological time r, with universal rescaling 
functions 

a = — — I 3 = — — 

COS z T COS T 

produces a regular domain, whose cosmological time is given by the formula 

T = tanT . 

It is not too hard to see, by means of local considerations, that such a rescaling produces 
a flat spacetime. Showing that it is regular domain is actually more demanding. This 
is equivalent to show that the future boundary of the convex core is isometric to a 
straight convex set pleated at a measured lamination. The key point is the fact that 
level surfaces of r are complete (Proposition I4.20j ). 

On AdS bending. We are going to outline more precisely the construction of d\. 
The AdS bending runs similarly to the hyperbolic one, but having some remarkable 
differences (that are eventually responsible, for example, that the AdS developing maps 
are embeddings, in contrast with the hyperbolic ones). We also stress that orientations 
play a subtle role in the AdS bending procedure. The basic diffence arises from the 
different behaviour of the "angles" between hyperbolic planes (that is spacelike planes) 
and of "rotations" around spacelike geodesies in X_i, with respect to H 3 . In fact, 
given two spacelike planes Pi, P2 meeting each other along a geodesic /, the dual 
points Xi = x(Pi) lie on the geodesic I* dual to I. Then we define the angle between P\ 
and Pi as the distance between x\ and x% along /*. Notice that: 

Fix Pi, the by varying P2, the angles between them are well defined numbers that span 
the whole of the interval (0, +00). 

Define a rotation around a spacelike geodesic I simply to be an isometry of X_i which 
point-wise fixes I. We have 

Lemma 4.24. Rotations around a geodesic I act freely and transitively on the dual 
geodesic 1* . Such action induces an isomorphism between the set of rotations around I 
and the set of translations of 1* . 
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Figure 5. (exp(— tX),Id) rotates planes around I in the positive sense. 

By duality, rotations around I act freely and transitively on the set of spacelike planes 
containing I. Given two spacelike planes Pi, P<i such that I C Pi, then there exists a 
unique rotation around I such that T\^[P\) = Pi- 

Lemma 4.25. An isometry o/X_i is a rotation around a geodesic if and only if it is 
represented by a pair (x, y) such that x and y are isometries of H 2 of hyperbolic type 
with the same translation length. 

Given two spacelike planes P\,Pi meeting along a geodesic I, let (x,y) be the rotation 
taking Pi to P 2 . Then the translation length r of x coincides with the angle between Pi 
and P2 ■ 

There is a natural definition of positive rotation around an oriented spacelike geodesic 
/ (depending only on the orientations of / and X_i). Thus, an orientation on the dual 
line 1* is induced by requiring that positive rotations act by positive translations on 
/*. In particular, if we take an oriented geodesic I in P(Id), and denote by X the 
infinitesimal generator of positive translations along I then it is not difficult to show 
that the positive rotations around I are of the form (exp(— tX), exp(tX)) for t > 0. 
Actually, by looking at the action on the boundary we deduce that both the maps 
(exp(— tX), Id) and (Id, exp(tX)) rotate planes through I in the positive direction (see 

Fig. ED. 

Given A on if as usual, we construct now an AdS bending cocycle 

B x = {B X ,B X + ) : H x H -> PSL(2, R) x PSL(2, R) 

which formally satisfies the similar properties like the quake cocycles of Section 13.61 
or the above hyperbolic bending cocycle. In fact B x and B x are exactly the Epstein- 
Marden cocycles (like the quake cocycles), corresponding to the real-valued measured 
laminations —A and A. Here —A = (L, —fi), that is we take the negative-valued measure 
—fi. Although this is no longer a measured lamination in the ordinary sense , the con- 
struction of [21] does apply. Besides the usual cocycle properties, B x also verifies that 
if x, y lie in different strata then B x (x,y) (resp. B x (x,y)) is a non-trivial hyperbolic 
transformation whose axis separates the stratum through x and the stratum through 
y. Moreover the translation length is bigger than the total mass of [x,y]. 



50 



RICCARDO BENEDETTI AND FRANCESCO BONSANTE 



All this is very simple on the usual local model for finite laminations. In fact, take take 
a finite measured geodesic lamination A of H 2 . Take a pair of points x,y G H 2 and 
enumerate the geodesies in A that cut the segment [x, y] in the natural way l\, . . . , l n . 
Moreover, we can orient U as the boundary of the half-plane containing x. With a little 
abuse, denote by k also the geodesic in P(Id) corresponding to k, then let B x (x,y) be 
the isometry of X_i obtained by composition of positive rotations around U of angle 
cii equal to the weight of /». In particular, if Xj denotes the unit positive generator of 
the hyperbolic transformations with axis equal to k, then we have 

B x (x, y) = (B x (x, y), B x (x, y)) e PSL(2, R) x PSL(2, R) where 
B x (x,y) = exp(-aiXi/2) o exp(-a 2 X 2 /2) o . . . o exp(-a n X„/2) 
B x (x, y) = exp(aiXi/2) o exp(a 2 X 2 /2) o . . . o exp(a„X„/2) 

with the following possible modifications: a x is replaced by a x /2 when x lies on l x and 
a n is replaced by a n /2 when y lies on l n The factor 1/2 in the definition of f3± arises 
because the translation length of exp tX is 2t. 

By means of the bending cocycle we construct a AdS bending map: take a base point 
xo in H and set 

(fix : H 3 x i— > B x (xq, x)x. 

Proposition 4.26. The bending map ip\ is an isometric C° embedding of H onto an 
achronal set X_ x . 

Let U = U\ be the flat spacetime encoded by A. Just as in the hyperbolic case we want 
to "pull-back" the bending cocycle B x to a continuous bending cocycle 

B A :WxW^ PSL(2, R) x PSL(2, R) . 

In fact we get a natural extension such that: 

(1) For every p,qEU such that N(p) and N(q) do not lie on weighted part of the 
lamination, then 

B x (p,q) = B x (N(p),N(q)) . 

(2) B x on the whole of U is constant along the integral geodesies of the gradient of the 
cosmological time T. 

(3) It is locally Lipschitz (with respect to the Euclidean distance on U), and the the 
Lipschitz constant on K x K (K being any compact set in U) depends only on the 
image of the Gauss map N(K), the maximum of the total masses of geodesic paths of 
H joining points in N(K), and the maximum and the minimum of the cosmological 
time T on K. 

Finally we can define our developing map d x _ 1 : Uq — > X_ x . For every p £ U®, we 
define as the dual point of the plane B x (p ,p)(P(Id)) (that is B x (p ,p)(Id), and 

x +(p) — B x (p 0: p)(N(p)). Take representatives X-(p) and x + (p) in SL(2, R) such that 
the geodesic segment between and x + (p), is future directed. Finally set 

d-i(p) = [cost(p)x^(p) + sinr(p)£ + (p)] 
where r(p) = arctanT(p) . 

As usual, we end with a few explicit computations for our favourite local model, that 
is when when A is a single weighted geodesic. 
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Let us set Ao = (lo, ao) and choose a base point po G H 2 — 1 . The surface P = (p\(E. 2 ) 
is simply the union of two half-planes P_and P + meeting each other along a geodesic 
(that, with a little abuse of notation, is denoted by l ). We can suppose that p is in 
P_, and Z is oriented as the boundary of P_. If v± denote the dual points of the planes 
containing P± we have t>_ = Id and v+ = exp — aoX , X being the standard generator 
of translations along l . The vector X is tangent to P{id) along l , orthogonal to it, 
and points towards po. 

By definition , the image, say V, of A = t£i is the union of three pieces: the cone 
with vertex at V- and basis P_, say P_, the cone with vertex at v + and basis V+, and 
the join of the geodesic Iq and the segment [t>_,t> + ], say Q. 

Fix a point in Z 0) say po, and denote by t>o the unit tangent vector of Iq at po (that we 
will identify with a matrix in M(2,R)). Consider the coordinates on Wo, say (T,u,C) 
introduced in Section 14.51 With respect to these coordinates we have 

{sinr(ch£(chw p + shu v ) — sh( X ) + cost v_ if ( < 
sin r(ch-u p + shu v ) + cosrexp(— ^tanr X ) if ( G [0, Oq/P] 
sin r (ch C'(ch « p + sh u f o) — sh C'-^o) + cos r v + otherwise 

where (' = ( — ao/T, t = arctanP and po, v+, V- G SL(2, R) are chosen as above. 
Clearly A is C°° for ( ^ 0,a /T. A direct computation shows that the derivatives 
along the coordinate fields glue on £ = and £ = ao/T and this proves that Ao is C 1 . 
By a direct computation we have 

[ -dr 2 + sin 2 r(dC 2 + ch 2 Cdw 2 ) if ( < 
A* ( V ) = I -dr 2 + sin 2 r(dC 2 + du 2 ) if ( G [0, a /T] 

y — dr 2 + sin 2 r(dC 2 + ch 2 <^'dM 2 ) otherwise. 

1 P 2 

Since dr 2 = and sin 2 r = — , we finally see that A is obtained by a 

(1 + T 1 ) 1 1 + T l 

rescaling directed by the gradient of P with the right rescaling functions. 
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Compatible holonomy. The holonomy representation of Y_ x G A4Q£(S), h_i : 
iri(S) -> PSL(2, E) x PSL(2, E), compatible with is obtained as follows. If x G H 
is the usual fixed base point of the construction, then for every 7 G iti(S) = T 

^(7) = 5 A (a; , 7x0) 0(7,7). 

Remark 4.27. It follows from the previous discussion, that the spacetimes in M.Q7i-i(S) 
have a few analogies with the hyperbolic 3-manifolds arising as if-hulls of quasi- 
Fuchsian projective surfaces belonging to V(S). For instance the curves at infinity 
C C <9X_i of y(C) play a similar role of the Jordan curves that bound the universal 
coverings embedded in <9H 3 S^ of quasi- Fuchsian surfaces. However, there are impor- 
tant difference that make the AdS behaviour much more "tame". For example such 
Jordan curves are in general rather wild, while the curves C are Lipschitz. Moreover, 
taking for example S compact, for every (F, A) G A4£(S), along the ray (F,t\) there 
is a critical value to > such that S tx G V(S) is quasi-Fuchsian only for t < t . On 
the other hand, the description of Y tx is qualitatively the same for every t > 0; in 
particular all AdS developing maps are embeddings. 

5. Causal AdS spacetimes, earthquakes and black holes 

Beyond the classification achieved in the previous Section, the AdS case displays a rich 
phenomenology that we are going to point out. 

5.1. On holonomy pregnancy. Let us recall first the following results of [2], in the 
case of compact S. 

Theorem 5.1. If S is compact, and Y G M.Q7i-i{S), then: 

(a) The holonomy h = (hi, ha) ofY is made by a couple of Fuchsian representations 
ofiii(S), and every such a couple arises in this way (by varying Y). 

(b) Y is completely determined by its holonomy h = (h L , h R ). In fact Y = y(C), where 
C is the graph in S^xS^ = <9X_i of the unique orientation preserving homeomorphism 
that conjugates the action of on = dM 2 with the one of Hr. This curve C is the 
unique h-invariant curve on <9X_i. 

In [6] (2, 3) we can find the following generalization of point (a). Here we use the 
notations of Section [31 

Proposition 5.2. Let Y G A4.Q7i-i(S) be of finite type, with holonomy representation 

h = (h L , h R ) : 7Ti(y) -> PSL{2, E) x PSL(2, E) . 

Then both hi and h R are holonomy representations of hyperbolic structures belonging 
to T(S). Conversely given a pair of representations h = (hi,hR) corresponding to 
elements ofT(S), then there exists a spacetime Y G AiQTi-i(S) whose holonomy is h. 

Concerning point (b), the following partial generalization holds. Here we adopt the 
notations of Corollary 13.311 

Proposition 5.3. Y G M.Q7i-i(S) is completely determined by its holonomy providing 
that Y = Y\, for some (F, A) G V C (F) n MC C (F)°. 
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This is essentially a consequence of the proof of the Earthquake Theorem considered 
below. On the other hand, non-equivalent spacetimes in M.Q7i-i(S) can actually share 
the same holonomy. This is the theme of the following construction. 

5.2. Canonical causal AdS spacetimes with prescribed holonomy. We mostly 
refer to [6](2, 3). Let us fix a representation h = (h L ,h R ) of iri(S,p ) as in Theorem 
15.21 We stress that the representation is fixed, not only its conjugation class; for this 
reason we have also fixed a base point po G S. We consider the domain 

Q{h) 

of points x G X_i such that, for every 7 G irx(S,po), x and h('j)(x) are not causally 
related. We have: 

Proposition 5.4. Q(h) is simply connected and h-invariant; the action of 7fi(S,po) on 
it is free and properly discontinuous. The quotient, say Q(h), is a causal AdS spacetime 
homeomorphic to S xK. 

Let us consider now 

MGC(h) 

the set of all AdS MGH spacetimes Y homeomorphic to S x R, determined by a 
compatible couple of developing map and holonomy representation (dy, hy) such that 
hy = h. Equivalently, we are considering spacetimes homeomorphic to S x R of the 
form Y = y(C)/h such that the nowhere time-like curve at infinity C is /i-invariant. 
Note again that each such a maximal globally hyperbolic spacetime is fixed and not 
considered up to Teichmuller-like equivalence. However, it is not hard to see that: 

Lemma 5.5. The natural map M.QC(h) — > AiQTi-i(S) is injective. 

Remark 5.6. If h' = ghg~ l is conjugate to h, then Q(h') = g(l(h), as well AiQC(h') = 
gA4QC(h), so that they have the same image in AiQH-i(S). By fixing a representative 
h in any conjugation class, we get in this way a partition of A4QH-i(S). 

Since every Y G M.QL(K) is causal, we have 

Lemma 5.7. There is a natural h-invariant embedding of y(C) in Cl(h), hence ofY 
in Q(h). 

In fact we can prove 

Proposition 5.8. Q(h) is the union of the Y G AiQC(h), as well as Q(h) is the union 
of the h-invariant y(C) 's. 

See below for a description of the curves C arising in this way. 

dooQ(h) and the limit set. The inclusion of Lemma 15.71 is in general strict, in 
particular Q(h) can be not globally hyperbolic. In a sense, it is just the maximal causal 
extension of every globally hyperbolic Y G M.QC{h). The reason is that the adherence, 

of fl(h) on the boundary of X_! can have non-empty interior part. Such an adherence 
can be explicitly described by means of the holonomy of the peripheral loops. Let 
7 G 7r 1 (S',po) freely homotopic to a loop surrounding a point in V. If hii^) (resp. 
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h R {^)) is of hyperbolic type, we set (resp. Ir{^)) to be the interval of S 1 whose 

end-points are the fixed points of ^(7) (resp. /ir(t)) and that does not meet the limit 
set of /it, (7) (resp. h R (j)). If ^(7) is parabolic, then let be the fixed point of 

hid)- Similarly for I R {^). Then the "rectangle" R(j) = x -Tr(7) is contained 

in the adherence of Cl(h), and in fact 8^0,(0) is the closure ^Ji?(7). The closure of 

7 

the complement of the union of these rectangles R(j) in c^f^/i) can be regarded as a 
/imii set 

A = A(/i) 

in the sense that it is contained in the closure of the orbit of any point x G X_i. 
A rectangle is non- degenerate if both ^(7), h R {j) are of hyperbolic type. 

Lemma 5.9. If some rectangle R(j) is non-degenerate, then the interior o/9 00 fi(/i) is 
not empty. Q(h) is not globally hyperbolic if and only if there is some non- degenerate 
rectangles . 

For it is possible to find points p, q close to R("f) such that l + (p) H l(q) is not pre- 
compact in X_i and this contradicts the global hyperbolicity. 

The asymptotic regions. Notice that a non degenerate rectangle R("f) has exactly 
two vertices that are the end-points of a spacelike geodesic Z 7 that is invariant for 
(^(7), /ir(7))- The boundary lines of R(j) together with Z 7 span a surface #(7) 
embedded in Cl(h) made by two null triangles intersecting at l y . This surface divides 
Q(h) in two components. The component whose adherence in d^Clft) is R("f) is called 
an asymptotic region of Cl(h), denoted by ^(7), ^(7) is its horizon. (A(j) , H (j)) is 
invariant for (^(7), ^(7)) and the quotient embeds in f2(/i) giving us an asymptotic 
region A (7) with horizon H ('-/). This last is the union of two null annuli along a 
spacelike closed geodesic. The length of this spacelike geodesic is called the size of the 
horizon, whereas the momentum is the twist factor for the parallel transport along it. 
If Il,Ir are the translation lengths of ^(7) and ^(7), the size is simply 

s = (k + Ir)/2 

whereas the momentum is 

m = {l L - l R )/2 . 

Q(h) has exactly k asymptotic regions, where k is the number of points p e V such 
that the surrounding circle is of hyperbolic type for both h L and h R . 

More about y(C) C Q(h). Clearly the /i-invariant curve at infinity C is contained 
in <9oof2(/i). On the other hand, every nowhere time-like meridian of <9X_! contained 
in dooQ^h) is determined by drawing in each non-degenerate rectangle R(j) an arc Z 7 
joining the vertices that are the end-points of the spacelike geodesic of the correspond- 
ing horizon. In the degenerate case the segment / 7 coincide with #(7). The closure C 
of the union of these / 7 's is a nowhere timelike meridian; moreover, if the segments are 
chosen in /i-invariant way (that is Z a7a -i = h(a)l 1 ), then C is is the curve at infinity 
of the universal covering of some Y C Q(h). 
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5.3. AdS bending and Earthquake Theorems. By extending the arguments given 
in [JT] hi the case of compact S, we have for a general S of finite type: 

Proposition 5.10. Let Y G MQH-i{S) be encoded by (F, A) G MC(S), and h = 
(hL,hn) be its holonomy. Then hi (Hr) is the holonomy of the surface Fl = P\(F) 
(Fr = f3\(F) ), that is the surface in T(S) obtained by the left (right) earthquake on F 
along A. 

We stress that Proposition l5.10l together with Theorem 15. 11 actually give an AdS proof 
of the Earthquake Theorem 13.331 when S is compact. For, given F , F 1 two hyperbolic 
structures on a compact surface S, there exists a unique spacetime Y\ G AiQH-i(S) 
whose holonomy is h = (h°, h 1 ), where h 3 is the hyperbolic holonomy of F 3 . Then the 
left earthquake along 2 A transforms F° into F . 

We consider the subset 

MGH c (h) 

of A4Q7i(h) consisting of the spacetimes Y that satisfy the further condition of being 
encoded by couples (F,X) G M.C C {S). In order to get such an AdS proof of the full 
Earthquake Theorem 13.33} we need to characterize the spacetimes Y = y(C)/h G 
M.Q'Hc_{h) in terms of the curve at infinity C . Consider again the general description 
of an /i-invariant meridian C given above. A case of particular interest is when the 
segments Z 7 are chosen on the boundary of R{^). Meridians C obtained in this way 
are called extremal. Notice that for each asymptotic region there are only two ways to 
chose such an arc: an upper extremal arc and a lower extremal arc. Thus, there are 
exactly 2 k /i-invariant extremal arcs where k is defined as above. This holds also when 
k = 0; in such a case Q(h) = y(C)/h is globally hyperbolic, and C is its extremal 
meridian. Finally we the following nice geometric characterization (see [19J). 

Proposition 5.11. y{C) is the universal covering of some Y G M.QT~t c {K) if and only 
if C is an h-invariant extremal meridians. 

Corollary 5.12. Q(h) is globally hyperbolic if and only if it belongs to M.Q7i c {h) and 

is encoded by (F, A) such that F G T g ^ r and the lamination does not enter the cusps 

We are ready to prove Theorem l3.33[ Let F , F 1 be the the interior of the convex cores 
of H 2 /h , H 2 /h 1 respectively, that are both homeomorphic to S. Set h = (h°, h 1 ) and 
take Q(h). Let us apply Proposition 15.101 to every Y G AiQH c (h), encoded by some 
(F, A) G A4C C (S). As the convex cores are uniquely determined by the holonomy, and 
7^(5") is closed under earthquakes, it follows that F° = /3%(F), F l = f3x(F), so that 
F 1 = ^2\{P°)- The determined lack of uniqueness in Theorem I3.33[ the "enhanced" 
version 13 .34[ as well as Corollary 13.351 are now rather easy consequences of Proposition 
15. 11| Lemma I3.28[ and the definition of the (enhanced) quake-flow. 

5.4. Convex core of Vt(h) and black hole. We denote by 

n c (h) c n(h) 

the union of the spacetimes belonging to AiQH c (h). We do similarly for Q c (h) C Q(h). 
It follows from Proposition 15 . 1 1 1 that the connected components of Q(h)\Q c (h) coincide 
with the asymptotic regions defined above. Similarly for Q(h) \ Q c (h). 
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The limit set A is contained in the adherence of Q c (h) which is the union of a finite 
number of globally hyperbolic spacetimes. Hence there is a spacelike plane P that does 
not intersect fl c (h), so that we can take the convex hull 

ic(h) 

of A in IR 3 = P 3 \ P, where P is the projective plane containing P. It turns that K,(h) 
is contained in the closure of f2 c (/t), it is /i-invariant and does not depend on the choice 
of P. K,{h) is called the convex core of Cl(h), as well as its quotient 

K{h) 

is the convex core of Q(h). We can see that Q(h) coincides with the set of points 
in X_i whose dual plane does not intersect fC(h), and that every plane dual to some 
point of K.(h) does not intersect Cl(h). The boundary of JC(h) contains the spacelike 
geodesies of the horizons of Cl c (h). Such geodesies disconnects dKL(h) into two h- 
invariant pleated surfaces whose quotients are homeomorphic to S. One, say d + JC(h), 
is in the future of the other one, say <9_/C(/i), an they are called the future and the past 
boundary of JC(h) respectively. It turns that d + JC(h) is obtained via the AdS bending 
of (F + , A+) G Ji4£ c (S) (according to Section Hj) so that it is the future boundary of the 
past part of a specific y{C+)/h G M.QTC c (h); in fact: 

The extremal h-invariant meridian C + is obtained by taking the lower extremal arc in 
each rectangle. 

Similarly d-K(h) is the past boundary of the future part of a specific spacetime y(C-)/ h G 
M.QH. t (h) ( whose future boundary of the past part is obtained by bending a certain 
(F-, A_) G A4C C (S)). The corresponding extremal /i-invariant meridian C_ is obtained 
by taking the upper extremal arc in each rectangle. This makes sense also when Q(h) 
is globally hyperbolic; in such a case C_ = C + . 

Assume now that Vt{h) is not globally hyperbolic. For each boundary component c$ 
of F + , we have that l Ci is the size of the corresponding horizon, whereas I Ci (A+) is the 
corresponding momentum. It follows that A + belongs to the closure of V C (F + ) (recall 
Corollary 13.311) . In fact this property uniquely characterizes Y + within AiQ7i c (h) . 
In particular this selects a privileged one among the earthquakes of Theorem 13.331 
For (F_,X_) we have the somehow opposite behaviour, that is for every boundary 
component I Ci (A_) > l Ci . 
Set 

B(h) = y{CJ), B{h) = B{h)/h, W{h) = y{C + ), W(h) = W(h)/h . 
Denote by KB(h), KW(h) the respective convex cores as MGH spacetimes. We have 

Proposition 5.13. (1) K{h) = KB(h) H KW(h). 
(2) n ( (h) = B(h) U W(h), n e (h) = B(h) U W(h). 

In Physics literature the special globally hyperbolic spacetime B(h) (W(h)) is known 
as the multi black hole ( multi white hole) contained in the causal spacetime Q(h). The 
attribute "multi" mostly refer to the fact that it has a "multi" horizon. B(h) looks like 
a honest black hole in the sense that every future inextensible causal curve emanating 
from any event in B(h) never leave B(h) and eventually reach the final singularity 
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S + of B(h) in finite time. In particular, lightlike rays emanating from B(h) do not 
reach c^f^/i). So the final singularity S + is an actual singularity for the spacetime 
Q(h) itself, as it reflects its future timelike geodesic incompleteness ( at the initial 
singularity of B(h) that is contained in its interior, Q(h) is perfectly non singular). 
The initial singularity £_ of the white hole W(h) plays a similar role with respect 
to the past. However, S + is "censured" by the multihorizon of B(h), while £_ is a 
"naked" singularity. In Figure [7] we see a schematic picture of Q(h) with its convex 
core and its black hole. 




Figure 7. A schematic picture of Q with its convex core K, and as- 
ymptotic regions A. It contains the black hole B with is convex core K,B 
containing /C. 



Asymptotic regions and BTZ black holes. Every asymptotic region A = A(j) of 
Q(h) has by itself a natural extension to a maximal causal AdS spacetime B = -6(7), 
homeomorphic to (S 1 x R) x 1). B contains a maximal globally hyperbolic spacetime 
BTi., with a complete Cauchy surface homeomorphic to the annulus S 1 x R, which is 
known as the BTZ black hole contained in B (see [5], [20] )• B has been particularly 
studied because it supports Kerr-like metrics with several qualitative analogies with 
the classical rotating black hole solutions of (3+1) gravity. Let us briefly recall this 
matter. It is convenient to lift X_i = PSL(2, R) in X_i = SX(2, R) so that it is given 
by the matrices of the form 

( T 1 +X 1 T 2 + X 2 \ 
\ -T 2 + X 2 T 1 -X 1 J 

such that det(X) = 1, < T x 2 — X\ < 1, Xi,Ti have a definite sign. We fix also a 
suitable SL(2, R)-lifting of the isometry (^(7), hu(j)) corresponding as above to the 
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given asymptotic region. Let us assume for simplicity that it is of the form 

If exp(r + — r_) \ / exp((r + + r_)) 

exp(r_ — r + ) J\ exp(— (r + + r_)) 

and that r + > r_ > 0. This isometry generates a group Q that acts on the whole 

of X_i, with a constant vector field £ as infinitesimal generator, and we have q(£) = 
(T 2 2 — X 2 )r + + (T 2 — X t 2 )r_ (q is defined in Section [2]). Roughly speaking B is the 
maximal region of X_i such that: 

(1) > on B, so that we can take the function r = q^) 1 ' 2 > 0; 

(2) {r + > r > r_ C B; 

(3) B is (/-invariant, the group acts nicely and the quotient B is a causal spacetime 
homeomorphic to (S 1 x 1) x 1. 

B admits a (/-invariant "tiling" by regions of three types I, II, III contained in {r > r + }, 
{r + > r > r_}, {r_ > r} respectively. Each region is bounded by suitable null horizons 
at which r = r±. We can see that our asymptotic regions A are of type III. 
By "joining" (the lifting of) the spacelike line Z 7 with the two liftings of the dual line 
I* respectively, we get two "tetrahedra" say BTL and WTC embedded in B intersecting 
at Z 7 . These are the two regions of type II that form the whole of {r + > r > r_}. One 
projects onto the BTZ black hole BTi, the other one covers the white hole embedded 
in B, say WH. Note that both BH and WH are instances of "degenerate" globally 
hyperbolic spacetimes in the sense of Section 14.71 

For suitable coordinates (v, r, 0) on B, where (r, (p) look like polar coordinates on the 
v-level surfaces, the Kerr-like metric is of the form 

ds 2 — (M — r 2 )dv 2 + f^dr 2 + r 2 d(f) 2 - Jdvd<j> 

where 

M = r 2 ,+r 2 _, J = 2r + r_, M > J, f = -M + r 2 H 

and they are related to the previously defined "size" and "momentum" by 

M + J = s 2 , M-J = m 2 . 

Each region of B support this metric, the null horizons of the regions being just "co- 
ordinate singularities" . 

BTZ black holes naturally arise in the framework of Wick rotation-rescaling theory 
for the elementary surfaces of finite type, that is having Abelian fundamental group: 
S = S 1 xl and S = S 1 x S . This displays an interesting role of quadratic differentials 
instead of geodesic laminations. See Chapter 7 of [10] for more details. 

5.5. (Broken) T-symmetry. Let Y G MGH-i(S). By reversing the time orientation 
we get onother spacetime Y* G AiG?i-i. This involution is called T-symmetry as well 
the involution induced on A4C(S) via the map m_i. If y(C) is the universal covering 
of Y, then the universal covering of Y* is 3^* = y{C*), where C* is the image of the 
curve C under the involution of <9X_x = x 

(x,y) i ^ (y,x) . 
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Figure 8. The convex core of a black hole B(h). On the left the lam- 
ination with its dual spine. On the right the bending of H 2 along A in 
X_i. Grey regions are null components of the past boundary of K\. 



Moreover, the holonomy h* of Y* is obtained by exchanging the components of the 
holonomy of h of Y 

h = {h-,h+)^h* = (h+,h-) . 
If B{h) is the black hole of Q(h), then B(h)* = W(h*). The opposite behaviour 
"I C (A + ) < l c vs I C (A_) > l c " at the future boundary of the respective past parts (see 
above), can be considered as the basic feature of "broken T-symmetry". A particular 
instance is when B{h) is encoded by (F, A) such that F G T g>r = T(S) fl T C (S) (the 
smallest stratum of T C (S)), and A enters the cusps (in the Figure we show an example of 
B{h) where F has g — 0, r = 3, and the lamination is like in Example 13.151 with respect 
to a standard ideal triangulation of F by two triangles). In this case F* belongs indeed 
to a higher dimensional cell of %(S) and the white hole W(h*) has the property that 
I A* ( c ) — K c ) a ^ every boundary curve, and every asymptotic region has null momentum. 

6. Including particles 

In 3-dimensional gravity massive point particles can be modeled as cone singularities 
along timelike lines. In particular, the rest mass m of a particle is related to the 
curvature k concentrated along its timelike geodesic "world line" by 

k = 2irm, k = 2ix — a 

where a is the cone angle. If we require that the mass is positive, then it is bounded 
by < m < 1, while 2tc > a > 0. However, there are no real geometric reasons to 
exclude cone angles bigger than 2-7T. 

It is a natural question whether Wick Rotation-rescaling theory does apply also on 
cone spacetimes. In such a perspective, it is quite natural to extend the space %(S) 
defined in Section [3], by extending the notion of "type" to 9 = Vu U Vc, and allowing 
hyperbolic structures F on S whose completion F c is compact, as usual has geodesic 
boundary components corresponding to the points of Vh, and possibly has conical 
singularities at the points of Vc- In particular we allow also holonomy of elliptic type 
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at the circles surrounding these points. The parabolic holonomies correspond now to 
cone angles equal to 0, hence to particles of extremal mass. In order to preserve the 
conical structure, we can consider measured geodesic laminations on such cone surfaces 
F that have compact support L in F, that is whose closure in F c does not intersect 
the singularities. 

For the sake of simplicity (and following [18] to which we will refer for most results 
stated in this Section), from now on we will consider the particular case such that 
Vh = 0- Not even in this simplest case a complete answer to the above question is 
known. Only a few partial results are known, mostly concerning the case of "small" 
cone angles (< 7r), or equivalently the case of particles with "big" masses. 

Let S, S — S\V, V — {pi, . . . ,p r } be as usual. Let g be the genus of S. Fix an r-tuple 
of angles A = (cui, . . . , a r ), such that the "Gauss-Bonnet inequality" 



holds; notice that we are not requiring here that the cone angles are smaller than 2ir. 
We denote by 



that associates to every F G T C (S, A) the unique complete hyperbolic structure of finite 
area F on S in the same conformal class of F , is a bijection. 

This means in particular that %(S, A) is not empty. If ctj = for every j, then F = F 
and %(S, 0) just coincides with T g r . 

For every F G T C (S,A), we denote by A4£ C (F, A) the space of measured geodesic 
laminations on F with compact support. The space of all such (F, A)'s is denoted by 
M£ C (S,A). When A = 0, then M£ c (F,0) just coincides with M£ C (F)° (defined in 
Section [3]). More generally we have: 

Proposition 6.2. Assume that for every j , ctj < n. Then there is a natural identifi- 
cation between M£ C (F, A) andM£ c (F)°. 

We give a brief sketch of the proof of this proposition, assuming some familiarity with 
"train-tracks". Since a» < 7r, for small e > 0, the complement, say E e , of a regular 
neighborhood of V in F c of ray e is convex. As a consequence , any non-peripheral 
loop on F admits a geodesic representative whose distance from V is at least e. 
Given A G A4£ C (F) , its support is contained in S e , for e sufficiently small. Since S e 
is compact, it follows that the leaves of A are quasi-geodesic in F. Since S e is convex, 
they can be stretched to become geodesic with respect to F. The union of all these 
leaves makes a geodesic lamination A on F. A train-track carrying A carries also A so 




r c (s, A) 




T c (S,A)^T g , r 
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this last can be equipped with a transverse measure corresponding to the measure on 
A. 

Remark 6.3. If some cone angle on is bigger than ir, then Proposition 16.21 fails. In 
fact it is not difficult to construct a surface with cone angles bigger than 7r and a loop 
c whose geodesic representative passes through the singular point. 

6.1. Maximal globally hyperbolic spacetimes with particles. Since the causal 
structure of a spacetime with timelike geodesic world lines of conical singularities ex- 
tends also on the singular locus, we can extend as well the notion of Cauchy surfaces. 
These turn to be spacelike with conical singularities. Such a cone spacetime is said 
globally hyperbolic if it contains a Cauchy surface. Similarly to the smooth case, we 
can restrict our study to maximal globally hyperbolic ones. More precisely we set 

Mgn K (s,A) 

the Teichmuller-like space of cone spacetime structures ZionSxl, of constant curvature 
k G {—1, 0, 1}, such that: 

- h is non singular on S x R; 

- h has a timelike geodesic line of conical singularity of angle «j at each {p^ x R; 

- h is a maximal globally hyperbolic and has a Cauchy surface orthogonal to the singular 

set; 

- these structures are considered up to isotopies of S x R preserving V x R. 

By easily adapting the constructions of Section @] we get, for every k = 0, ±1, the map 

m K : MC C (S,A) -> MGH K {S,A) . 

The main differences are that even for k = 0,-1 the developing maps are no longer 
embeddings; moreover, also the asymptotic complex projective structures produced by 
the Wick rotations have conical singularities. As in the smooth case, the maps m K are 
injective. For the so obtained spacetimes have cosmological time, and one can recover 
the corresponding data (F, A) by looking at the level surfaces of the cosmological time. 
Moreover, by construction, canonical Wick rotations and rescalings, directed by the 
gradient of the cosmological times, with the usual universal rescaling functions, apply 
to the spacetimes belonging to the images of the maps m K . 

On the other hand, the question of having an intrinsic characterization of the images 
Im(m K ) is largely open. In particular one asks to determine, for every k, the angle 
assignments A such that m K gives a parametrization of the whole of M-QTi^S, A) 
(possibly inverting the time orientation). We have (see [18] ) 

Proposition 6.4. // all the cone angles are less than tt, then the spacetimes belonging 
to Im(m_i) are precisely those admitting a convex Cauchy surface orthogonal to the 
singular locus. 

In fact, under such a "big masses" hypothesis, being in the image of m_i turns to be 
equivalent to admit a convex core, that is a minimal convex subset. The convex core is 
homeomorphic to 5x1 and its boundary is the union of two C 0,1 -spacelike, intrinsically 
hyperbolic bent cone surfaces d + )C(Y) and <9_/C(F), orthogonal to the singular locus. 
Just like the non-singular case, Y is encoded by (F, A) iff the future boundary of its 
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convex core is obtained by bending F along A; similarly for the past boundary, via 
T-symmetry. 

One would expect that for big masses, the map m_i actually is a bijection, that is a 
convex Cauchy surface should always exist. 

If some cone angle is bigger or equal than ir, it is known that in general the maps 
m K are not onto, even if all masses are positive. For example in [llj (2). by applying 
a so called "patchwork" construction, one produces flat MGH cone spacetimes with 
positive masses and with some cone angles equal to 7T, that do not belong to the image 
of mo- In fact it is remarkable that these spacetimes have nevertheless cosmological 
time whose level surfaces are orthogonal to the singular locus, and are flat instead of 
hyperbolic at the singular points of cone angle tt. The canonical rescalings apply to 
them so that we finally get also spacetimes that do not belong to the images of m±i. 

6.2. Earthquakes on hyperbolic cone surfaces. As every lamination A G A4C C (F, A) 
avoids the conical points, the notion of earthquake along such a lamination is defined 
as well. Similarly to the non-singular case, we have (see [18] ) 

Theorem 6.5. If Y has big masses, belongs to Im(m_i), and is encoded by {F,X) G 
AiC c (S, A), then the left (resp. right) earthquake on F along A produces surfaces 
/3l{F,X) (resp. (3r(F,\)) G T c (S,A) whose holonomy coincides with the right (resp. 
left) holonomy ofY. 

Under the big masses hypothesis, let us consider the map 

H ■ Im(m_i) -> T C (S,A) x T C (S,A) 

that associates to every Y the points obtained by left and right earthquake on (F, A) 
respectively, as above. We have ([18]) 

Theorem 6.6. The following equivalent facts hold 

(1) Given F, F' G T C (S, A) there exists a unique A G A4£ C (F, A) such that Pl(F, A) = 
F' . 

(2) The map fi is bijective. 

Notice that the first statement is in purely hyperbolic terms. The equivalence between 
the two statements follows from Theorem 16. 51 This equivalence between the hyperbolic 
and Lorentzian formulations plays an subtle role in the proof of Theorem 16.61 In fact 
by means of the hyperbolic formulation the map /x is proved to be locally injective, 
whereas Lorentzian geometry is used to prove that it is a proper map. 

Finally we mention that in Chapter 7 of [10], we have described a quite different family 
of spacetimes with cone angles > 7r (i.e. possibly with negative masses) that are 
governed by quadratic differentials rather than by measured geodesic laminations, and 
such that Wick rotation-rescaling machinery does apply to them. 
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